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Lecture(s) 3(4)

Outline

* Factorization — One of key parts of the FMM
— Extensions of our trick for fast summation
— “Middleman” scheme
— Singular and regular fields
— Far field and near field
* Local Expansions (or R-expansions)
— Local expansions of regular and singular potentials
— Power series
— Taylor series
* Far Field Expansions (or S-expansions)

— Far field expansions of regular and singular
potentials

— Asymptotic series



Matrix-Vector Multiplication

Compute matrix vector product

v ==>au
or
v, = Dury, j=1,....1 M,
i=1
where
Dy o= Oy, x), j=1,...M, i=1,. ]
or
DOy Dz .. Dy DOlyy,x1) DypXa) . Plyxw)
o Dz Doz o Do D(y,.x1) Olys.xz) ... Dlygxy)
RUTII TR Dy ,nx1) PY,ex2) ..o D%

Generally we have two sets of points in d-dimensions:

Sources: X ={x1,....xy+, X, €R? i=1,...N

Receivers: ¥ ={y,.....y,}, ¥, € R j=1.. M,

The receivers also can be called “targets” or “evaluation points™.

Why R¢?

d=1
— Scalar functions, interpolation, etc.
d=23

— Physical problems in 2 and 3 dimensional space
d=4

— 3D Space + time, 3D grayscale images
d=5

— Color 2D images, Motion of 3D grayscale images
d=6

— Color 3D images

d=7

— Motion of 3D color images

d = arbitrary

— d-parametric spaces, statistics, database search procedures



Fields (Potentials)

Field (Potential) of a single
(ith) unit source

vyl = EEJ'I.G\I;}"_){I.\_I_ v R4

=l
v, =viv,d o p= 10 A

Field (Potential) of the set
of sources of intensities {u;}

Fields are continuous!
(Almost everywhere)

Examples of Fields

» There can be vector or scalar fields (we focus mostly on
scalar fields)

* Fields can be regular or singular

Scalar Fields:
O Gravity
(singular at y = x,) Oyx) - 1
[y — x|
u Monochromatic Wave (F i3 the wavenumbet)
(singular at y = x,) O(g.x,) = ZRERY ) ‘
[y — x|
u Gaussian
(regular everywhere) [0 = extly - %o}
Vector Field:
3 D Velocity field:
) = T e T e w B e wl

(singular aty = x;) ¥ —01yays) € B




Straightforward Computational
Complexity:

O(MN) Error: 0 (“machine” precision)

The Fast Multipole Methods look for computation of the
same problem with complexity o(MN) and error <
prescribed error.

In the case when the error of the FMM does not
exceed the machine precision error (for given
number of bits) there is no difference between the
“‘exact” and “approximate” solution.

Factorization
“Middleman Method”



Global Factorization

) iy Expansion center  Truncation number
XV, e Z =40

‘I’(}: .x;) = Z(!,.(X;—X“ e (‘ —x,) = .-Z.:(!,.’\X;—X“:f,.(}1 —x.) = Error{px..v.)

Expansion coefficients

Basis functions

Factorization Trick

N

v = Z(l'{yj\x,}u,

i=1

N p-1
= ZI:E (X5 — x,)fm{yj - x,} + Error(p, X, ¥;) :Iu,
i=1 m=0

-1 N N
= me(yj — x,} an(x, =X Ju; + ZEr'mr(p;x,,yj)u,
=0 i=1 i=1

-1

= ZC”J”’ (yj - Xa } + Error(N,p),
=0
where

N
Com = Zam(x, — X U
i=1



Reduction of Complexity

Straightforward (nested loops):

forj=1,...M

v, =0,
fori=1, .. .N
v, =V + 'IJ(yfxx)uI;
end,
end;

Complexity: O(MN)

If p << min(M,N) then complexity reduces!

Factorized:

form=0,... p-1

Cm = 0,
fori=1,....N
Com = Com T Q(X; — X Uy,
end;
end;
forj=1,... .M
v, =0

form=0,..,p—1
V=V + cmfm(yj - x.};
end;
end;

Complexity: O(pN+pM)

Middleman Scheme

Straightforward

Complexity: O(pN+pM)

Middleman

Set of coefficients {c,,}



Far Field and Near Field

u Mear Field of the ith source:

Near Field Far Field

What are these r,and R, ?
depends on the potential + some conventions for the terminology

u Far Field of the ith source:

Local (Regular) Expansion

Do not confuse with the Near Field!

Let )
* Basis

Functions

We call expansion

Dy, %) = D @l X0 )Bm(y — X,)
=il

local (regular) inside a sphere

Expansion

if'the series converses for ¥y, v —x.| < ry. Coefﬁcients

We also call this R-expansion,
since basis functions R, should be regular




Local Expansion of a Regular

Potential

...or like this:
Can be like this:

X

[ ] 4

...or like this:

P> |X; - Xl > |y - Xy
[V - Xs| <7e <|X; - X

Fe > |y - Xo| > [X; - X4

Local Expansion of a Regular
Potential (Example)

Valid for any 7. < oo, and x;

Looking for factorization:
G x) = 2 ATy = %) Bmly=x )
=l
We have
P R s L N BT L T N T
R R A 2 xSy - xa T
¢ D ] :
m-ll
Choose

U (Xy— Xy) = otnd® [ 27 o —x0%, m=0,1,..,
wal 7 )

Bply-x,) = o0 }I%(y—x,,)m, mo=10,1,.




Local Expansion of a Regular Potential
(The same kernel, Example 2)

e’ = Z L (v—x.)%.
0

n!

So

= om iy m o2 2m my e+ln
)t = gt gt § 20— X)TY =X )"y (1727 (s = xa)" (0 = %)
e =e e =e .
Zo m! ZUZU min!
= =0 2=

Rearrange summation:

m+2n="1
m=1-2n
» 172 1)y, — ) i v —x)
et = et 0N ( E[_ :'”77)!”'! Y (y-xa) = D Iy, B e
=0 #=0 -0

Hermit polynomials:
[#z]
(*1)”2172"(_\{)172”
=y = M
il =1 nzzl; (I-2m)nt

Hermit functions:

Iy(x) = e Hy(x).
Choose

a)(x;—x4) = hy(x; —x4), R(y—x4)= ]L’()'fx*)g, 1=0,1,...

Local Expansion of a Singular
Potential

...or like tMis:

Can be like this:

xl<r<l.s
¥ - %l < 7o < -

k

Like this only! Never ever!

Because x; is a singular point!




Local Expansion of a Singular

Potential (Example)

Valid for any |x; -x4| > |y-x.|

Looking for factorization:
Dy 1) = 3 = 10 (31 )
i)
We have
1 1 __ 1 o1 [_y—x ]-1_
VTR y—xy— (X —Xy) (7‘:._;(‘)[1_%] (x;—x4) Xy~ Ea
Geometric progression.
-y = T+rat+ai+t . =Ea’", ] < 1
el

yoxa 1§ )"
5= ] - Xy ool

Choose

1
- - =01, .,
Amlxy—x4) e I

Fon(y—xad = (y—x0" m=0,1,.

Power and Taylor Series

» Power and Taylor Series
— Power Series in 1D
— Taylor Series in 1D
* Multidimensional Taylor Series
« Factorization of Scalar Products in R¢
» Compression of Factorized Series
+ Factorization of Scalar Products in R4 (compression)
— Factorization in 2D.
— Factorization in 3D.
Factorization in dD.
Multinomial Coefficients.
— Complexity of Fast Summation.

* General Forms of Factorization for Fast Summation
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Power Series

Power senes relative to real or complex vanable v 15 a senies of type

Sy — ) = Z“m(y—?ﬁ)m,
m=ll

where @, are real or complex numbers.

Properties of Power Series

1) For any power series there exists 7., such that the series

converges absolutely at |y - x.| <r., and diverges at [y-x.| > r..

The number 7+, is called the convergence radius of the series,
O <r.< oo,

For any number ¢, such that 0 < g <r., the power series
uniformly converges at |y - x| <g.

11



Properties of Power Series

2) Convergent power series can be summed, multiplied by a scalar, or multiplied
according to the Cauchy rule.

For |y-x.|< r., the sum of the series is a continuous and infinitely differentiable function of
y.

The power series can be differentiated term by term at |y-x.|< r. and integrated over any
closed interval included in [y-x.|< r..

Differentiated or integrated series (if integration is taken from x. to y-x.) have the same
convergence radius 7.

o

D amly =22+ 3 By =52 = 3 (am + B )y — 1),
m= m=ll

m=

- =
aZam(y—x,)m = Zaam(y—xa.)m,
=l =]

Cauchy’s rule — [Zam(y—xa)m][zbm@—xdm]=Z[ amb,,_m](y—x*)n.
m=l =l =

n=ll [ m

Properties of Power Series

3) Uniqueness. If there exists such positive r that at any y satisfying
[y-x«|< r two power series have the same sum, then the
coefficients of these series are the same.



For those who love proofs

Prove the above properties!

(Not the course formal requirement, but a
good exercise)

Taylor Series (Finite)

Let /iy be a real fanction, fy) € DP[x,, x4 + 74 ) (30 the n-th derivative 7% (y) exists for x, = ¥ < 24 + 7). Then

) = A+ F -z + %f’(xa)(y—x»)z ot (n_l 1)!ﬂ”'”(xa)(y—x»)”‘l + Residual. ()

Cauchy’s evaluation:

[Residual, ()] < D’_T"l sup [P,

2l EPL P

Lagrange evaluation:

Residual, () = J"” dxjx dx...jx AP = ﬁ DX — x4,

F e (X, xyt7y)

We have sunilar formulae for x4 — 7y = ¥ < x4,

13



Taylor Series (Infinite)

Letfiy) € D%(xy —ry, x4 + 7, ) and let

‘ fin Residual, () = 0, ‘

then

1) = 3 L)), poa) <
=]

and the senes uniformly converges to fiy) for any v — x| < g, where 0= g < ».

Local 1D Taylor Expansion

Looking for local expansion:

m=0

Dy, R ) = Zam(xi:x’o)Rm(y_x*): ‘

o

Opx) = 3 L L x ™

| el

m
Am{XpXa) = # aay,?

Re(y=x,0 = (y—x,07, m=101_.

(Za, 20, =01,




Local 1D Taylor Expansion
(Example)

T = e, R = e

R

ml ™ ! 2

O.x) = e 3 Tiyx )™ ‘

=]

Residual for [y — x,| < o (assume x; = O,x, = 0):

Residualy ()| = 2= %] P—
il F —o:qycx o ay el
Forn=25 a=035 x,=1,x, = 05 we have
" g 3 _3
Reschals)]| < 7557 < 557535 = a5 < 10

Multidimensional Taylor Series

Let f{y) be a real finction,

Ay e D(Ux ), ¥ =0v1,...54)€ Ux, SRS xa=(x,1,.., %) = B

Then we can write

J¥) =71y, .ra)

—i( TalVze . WYa )y — xa )™

Av.a.va) = Z eSS

my=l

o

my »g
Z Z m% 2 = aa U, ez, a0 — 2 T vz - xa2 )7
my =l Yz

@
i

@ m @ R .
=Zzzamlamg 'am,f(‘xnl X y2a »d‘)nm|(y! T )™
midmil med 1 Y20 02 1




Multidimensional Taylor Series
(using some vector algebra)

Operator V :

V=i1§al+"'+id8§d'

Differential along direction s :

LY (s 9Ay). bl

Taylor series (lets =(y —x, /[y — x,)

ﬂY)=ﬂX*)+%‘y—X*| ]" d";(z*

=fx)+ [y -x) - V][fixa) + j[(y— X)) VIfx)

Dy —x, P

=Y Ly -x) VA,

m'
me=()
Example
J..\_V-'-,'._BL v . B .
Tiy,x, ) = o' = Z mi[(‘\ ¥,V ] Xy,

i)
Fix oy ox
Dixx) = evem

Vo Dhix,.x,)=xe"™ = xDix,.x.).

Gy sV () = [y - X)X (X)),

5\

XD VLT GE) = [y - X6 TR,

5\

2 a2
Py = 2 by -x 0 ex ) e s = e 30 Ly o x ) ex, )
’ it - mt

=i o=

o2
Check;, '™ = p¥aNpi-xim o p¥ax E L,[(.\.’— x,b-x,]".

a7t

sep=ll

16



Is That a Factorization?

a, _\-‘ ~ ir
oY = p¥etX 2 L'[r\}r — x* 1-X, :|
il

Scalar Product in d-Dimensional Space

Definition of scalar product:

a =(a1,...,ad), b= (b‘l:---:bd)y
d
a-b =a1b1 + ..t adbd = Zakb;c.

k=1

a-b =|alb|cos@,
jal = Ya-a.
What if
Alyen@iaP, .0y € C ?
complex

Defimtion: .
conjugate

d
a-b=aiby+..+aby = Y dby.

k=1

17



Properties of Scalar Product

Commutativity:

Scaling;
(AaYsb=as«(ib)=Ala.b) L =R
Distributivity:

fatb)ec=aec+bec

Factorization of Scalar Product
Powers

o,

;o ' K ki
rash” = ( a__.b_-_.) = Za;_..rb;_.i Z dx b Za;_.\:b_-_.\:
W=t ot et L
Z Z Z ool b b b

afad . Za«biZbi b =a.b"

18



Is That a Factorization?

1) Truncation:
r-1

Bly,x;) = e¥S = XX |:Z %xf” + (y—x,)" + Residual, :|
=0

2) Fast summation:

w .
v= 3 ud(y,x) = Zw[
i=1 i=1

p-1

#xf’” < (yx. )"+ ResidualpJ

m=0

N -1

_ oo 1 " . w . ot .

= Zu;e‘ xi Z Fx_f” . (yj—x.) + Nmax(u; * * )Residual,,
=1 :

=0

-1 N
= Z # (Zu,e""’x?’) . (yj—x,)m + Residual
=0 i=1

p-1 N
= Cn-e ()‘J,—x, }" + Residual, ¢,
-0

[
o
?!

P
Nl
o

Yes! It is!

Example (Let’s Try To Get
Explicit Forms in 2D)

a= (e er ),

&
|

= (afaa; o a,a:)) = (_f’f;f’l&'zaazﬂi:aﬁ_}:
a’ = (alla,a:),amazlaa: ) aua(ayaz),aila: a:) )

= (_a?,a%ag,a1(12(11,(11(13,0‘30%,02&’1&’2,&’i&’i_,aé},
The length of a” is 271«———— This is not factorial!

In d dimensions the length of a” is even d”

What to do in practical problems?

19



Use Compression!

Compression operator:
A" = Compress(a”*)
Required Property:
a* « b* = Compress(a™) » Compress(b”).
Consider R?:
a" e b" = (aebh)” = (@D +aby)"

7 i1 - oy .
= a’lbhi + ( )a’]‘]b"{]ﬂ:b: + ( )a’]’"b"]’"(.f:b: + . = ahh
1 2 o c

. . The length is only

) (n+1), not 2"
Let us define: 7 [ p
i1 i? P
A = COI]]])I'ESS[_B""\, — (’f’j’. ‘l ( ) (‘j-’].‘f]d:? ( ) {}"{7”(!2, .\('b_
AR A

Example of Fast Computation

N 1 N
m . 1 .
v, = E uﬂ)(yj,xl) = E [ (yj—x*) + Residual, Cp = pory E IR
i=1 =0 Toi=l

Equivalent to:

71 w
v, = Z C,» Compress((yj—x* )m) + Residual, C,, = # Zuzgh-hcompress(x?’).
=0 i=1

Number of multiplications (complexity) to obtain v,:

Complexity = 1 +2+ . +p =

20



Compression Can be Performed for any
Dimensionality (Example for 3D):

a®eb* = (a . b)” = (albl -+ ﬂ’gbg -+ ﬂ’gbg)”

xn n .
= [(a1b1+a2b2)+a3b3]” = Z (albl+a262)n ma?b?
1

=0

n a—m —m
=2 a; by
m=0 =0 !
% n n—lbn—l b n n—2bn—2 2b2 7 h
=a1 -1"' | al 1 a0 + 2 al 1 a2 2+...+a22
b T n n—1 A
+ a’f" b’;_ ﬂgbg + ﬂ'?_ b)lg_ agbgagbg + ..+ ﬂan
1 1 1

1] £ ko]
Compress(a”) = (ﬂ’f, J ( )w; ‘a, J ( )m; %, ., I( )a»;—lag,___,a;)
1 2 1

The length of a” is (n+1)+n+...+1= (n+1)(n+2)/2

Compression Can be Performed for any
Dimensionality (General Case):

(o +az+ . +a,) = Z (1,001,002, o g ) G5F
RUE RRG-E
Multinomial
! — .
(R, ny) = —r coefficients
gt g
Compress{a®) = ((Il ‘,w";(n; o L0 0t Y, ,j"'(‘n; s galtal Ll rff)

So we have
a® - b* = Compress(a®”) - Compress(b”)

_ . . RPN N} Hg g gl g
= Q. Lnmunoonglay'dsa] By E by
IR ]

= (b tah+ o +abh ) = a-b)r

21



What are multinomial coefficients?

(n; ny,n,y,...,ny) 1s the
number of ways of

. putting n different
S o® Se . e ___— nobjects objects into d
® > o O different boxes with
n, in the k-th box
ngq
1 3 .9
d boxes

mtn,t...+tn;,=n

The length of the compressed vector

d=1: 1.
d=2. wn-1.
=23 L[f?— 1 =20

=

Theorem: [fa ==7. then the length of compressed vector Compress‘a™’, s

i d-1 '

Proof: We have a basis for induction (see above). Let this holds for  dimensions.
Consider ¢+ 1 dimensions:

i i o
U+ . @)+ am) = E ( )((«‘1 ot a) @y

=0\ P

The number of terms is then

’ =1 | d-1 | ' o | ' n+ed-1 e+
Z = + + .+ =
— n Q 1 i 7

This proves the theorem.

22



Example of Fast Computation

N -1 N
n . 1 .
v, = 2 usfb(yj,xs} = E Cpp @ (yj—x*) + Residual, Cn = —r 2 ey’
i=1 m=0 Tl

Equivalent to;
-1 N
v, = Z C, Compress( (yj—x,. )m } + Residual, C,, = # Zusexangmpress(xf”).
sa=11 =1

Number of multiplications (complexity) to obtain v.:  (in 2D case!)

p= el

Complexity = 1+ 2+ .+

Cu

o
E “jexux.‘ .
=1

Gy

(T Ci2d = E T S S P
=1

C, = [Cfu] o Cfuw = E e (1“ N \3‘\ .T_-g..‘\'_:’{_ ) .
L

Complexity of Fast Summation

Let o be a scalar product of vectors A; and F; of length P(p) ( is the truncation number).
Complexity of summation over 7 is then O(PN).

Complexity of gcalar product operation is P.

Complexity of A scalar product operations 18 O(PM) (forj = 1,..,.M).

Total complexity is O(PAM + PN).

Fast Method is more efficient than direct only if O(PM + PN) < O(MN),

so we should have

P(p) < min(M,N)
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