Epipolar Geometry
and the Fundamental Matrix

Review about Camera Matrix P
(from Lecture on Calibration)

* Between the world coordinates
X=(X, X, X, 1)of ascene point and the
coordinates x=(u’ v’ ,w’) of itsprojection,
we have the following linear X SUT W
transformation: with Yo =viwW

x=PX

* Pisa3x4 matrix that completely represents
the mapping from the scene to theimage
and istherefore called a“camera”.

Central Projection

If world and image points are represented by homogeneous
vectors, central projection isalinear transformation:
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Pixel Components
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Internal Camera Parameters
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*a,anda, “focal lengths” in pixels

* X, and y, coordinates of image center in pireé:l D
*Added parameter Sis skew parameter

« K is called calibration matrix. Five degr ees of freedom.

*K isa3x3 upper triangular matrix

From Camera Coordinates

to World Coordinates

sl v 0 ¥
g U o oy U oG2S g
&g 6R  TugYsy

2,0 @] 1Hez.a

é., u é. u
élg




Using Camera Center Position in
World Coordinates
» Wecanuse-RCinstead of T
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Linear Transformation from
World Coordinates to Pixels

« Combine camera projection and coordinate
transformation matricesinto asingle matrix P
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Properties of Matrix P

« Further simplification of P:
éR -RCU
=K|i & Y
=kl | o, T
éR -RCU ~ ~
s 1 ol =l rel=rl, 1 ]
x=KR|l, | -¢Jx
P=KRll, | -C

* Phas 11 degrees of freedom: _
«5from triangular calibration matrix K, 3from R and 3 fromC
*Pisafairly general 3 x 4 matrix
ol eft 3x3submatrix KR isnon-singular

Cross-Product in Matrix Form

If a=(a,, a,, a;)T isa3-vector, then one can
define acorresponding skew-symmetric

matrix €0 -a au
[a} =& 0 -ay
ga a O0f

The crossproduct of 2 vectorsaand b can
bewritten a” b=[a] b

Matrix [a] issingular. Its null vector (right
or left) isa

e b.(@b)=0U b"[a]b=0"ab

. C'[ab=-bT[alck F'[al F=[g" F,a

Definition of Epipolar Geometry

* Projective geometry between
twoviews &

* Independent of scene
structure

» Dependsonly onthe X'
cameras internal parameters
and relative pose of cameras

 Fundamenta matrix F _

for any pair of

encapsulateﬁ this geometry corresponding points
X and X' ; in the 2 images

)('ITF)(I =0

Relation between
Image Points x; and x;’

» CameracentersCandC’,

scenepoint X;,

image points x; and X';

belong to acommon

epipolar planed
» Epipoleseand €

* On baselineCC’ :
* Epipolar linesl and I’




Pencils of Epipolar Lines

Computation of F

* F can becomputed from
correspondences between
image points alone

» No knowledge of camera i
internal parameters

required Xi
* No knowl_edgeof relative xTEx =0
pose required ! !

for any pair of
corresponding points
¥ and X'; in the 2 images

Finding the Fundamental Matrix
from Known Cameras P and P’ (Outline)

* Pick up an image pointxin camera P
« Find one scene point X onray of xin
camera P

¢ Findtheimagex of X incamera P X

» Find epipole e asimageof C in camera F’
isepipole=P'C

* Findepipolar linel’ frome’ tox’ inP as
function of x

¢ The fundamental matrix Fisdefined by
I'=F x

* X belongstol’,soxTI'=0,s0XTFx=0

¢ The fundamental matrix Fis alternately
definedby X TF x =0

Finding the Fundamental Matrix
from Known Cameras P and P’ (Details)

» Pick up an image pointxin camera P

« Find one scene point on ray from C to x
= Point X =P*x satisfiesx = PX

* P =P (PP")1s0
PX=PP'(PP") tx=x

* Image of thispoint in cameraP’ is C
X =P'X =P Px

¢ Imageof CincameraP isepipolee =P'C

» Epipolar lineof xinP is

I'=(e)” (P'P*x)=[e] P'P'x ‘
I@LﬁinesF fundamental matrix P E=[P'CLPP" |

* X belongstol’,soxTI'=0,s0XTFx=0

Properties of Fundamental Matrix F

¢ Matrix 3X3 (sincex' TF x =0)

¢ If Fisfundamental matrix of camerapair (P, P’) then
the fundamental matrix F' of camera pair
(P, P)isequal to FT
= X'F' X =0impliesxTFTx=0,s0F =F'

« Epipolar lineof x isl” =F x

« Epipolar lineof X’ isl =FT x’

More Properties of F

« Epipolee isleft null space of F, and e isright null space.
= All epipolar lines!’ containsepipole€’, so€T1’=0,
i.e.€TFx=0foralx Therefore €T F=0
Similarly e" FT x' = 0impliese’ F' =0, therefore Fe=0
¢ Fisof rank 2 because F = [€'],P'P* and[€'],is of rank 2
» Fhas7 degrees of freedom
= Thereare 9 elements, but scaling is not significant
= Det F = 0 removes one degree of freedom




Mapping between
Epipolar Lines (a Homography)
* Define x asintersection betweenline
| and alinek (k doesnot pass
through epipole e):
x=k” | =[K],|

I'=Fx =F[K],|
¢ Lineedoesnot passthrough pointe

I'=Fx=F[e]l

o Smilarly

|=F" x'=F'[e],I'

[SF|€]TF[1,]0] isskew-symmetric

; &'S'TF 0,U_¢éTS'F 0,U
[SFle] F [l.10.]=¢ 7 “Cu=e > g
eeF 0g 0, 0
» € TF=0 because € isleft null space of F

e FTST Fis skew-symmetric for any F and
any skew-symmetric S

Essential Matrix and
Fundamental Matrix
 The defining equation for essential matrix is
Xo T E % =0, with
= Xo=K1x
"X, =KX
» ThereforexXTK''TEK1x=0
» Comparing withx'T Fx =0, we get

E=K'TFK

Retrieving Camera MatricesP and P’

from Fundamental Matrix F

 General form of Pis P=K Rll3 | -CJ

» Select world coordinates as camera coordinates of first
camera, select focal length = 1, and count pixels from the
principal point. Then P=[ I, | Q]

Then P’ =[SF | €] with S any skew-symmetric matrix isa
solution. Proof:

=X TEXx=XTP'TFP X

" PPTEFP=[SF|€]TF[ I;]0] is skew-symmetric

= For any skew-symmetric matrix S’ and any X,

XTS X=0

« S=[¢],isagood choice. ThereforeP =[[e], F | €]

Essential Matrix E

 Specidization of fundamental matrix for
cdibrated cameras and normalized coordinates
"x=PX=KI[R|T] X
= Normalizecoordinates: x,= K1 x =[R | T] X

» Consider pair of normaized cameras
=P=[10, P =[R|T]

e Thenwecompute F=[P'C]. P'P*
[P'Cl =[[R|T][0001]"} =[T}

pr=£: PP =Rp
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Computing Fundamental Matrix
from Point Correspondences

» The fundamental matrix is defined by the
equation X'iT FXi =0 foranypairof
corresponding points
i . X and X' ; in the 2 images
» Theequation for apair of points
(xy, Dand(X,y, 1) isxxf, +Xyf, +Xf,+
Ty xfutyyfy+yfyH

e For npoint matches:  +xf, +yf,+f,=0
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Computing Fundamental Matrix
from Point Correspondences

» Wehave ahomogeneous set of equations * 3D Reconstruction from Multiple Views
Af=0
« f canbedetermined only up to ascale, so
there are 8 unknowns, and at least 8 point
matchings are needed
= hence the name “8 point algorithm”

» Theleast square solutionisthesingular
vector corresponding the smallest singular
valueof A, i.e. thelast column of V inthe
SYD A=UDVT

Next Class
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