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Solutionsto Homework 11

(@ If wehaveamotion {t;,w;} andasurface 7, (z, y) that yieldsthe same motion field asamotion {t,, w,}

and asurface 7, (z, y), then

1 . ) - )
A (Zx(t1xr)) + Zx (rx (w1 X)) = A (Zx(taxr)) + ZX(rx (waxr))
or Zil(ix(hxr))— Z%(Zx(tzxr)):2><(r><(6w><r)) )

with w = wy — wy.
We only consider the general case. Thus let

t1~t2§£0, 6w~t17£0, 6w~t2:0
66| # 0, [lwxbal| 0, [|6wxtal] # 0

To find the surface 7, , we take the dot product of (1) with t,xr to obtain

- (Bx(61x0)) - (b2x0) = (3 (0 (Bwxx)) - (b2 x0)
o ()t = (D) (bx) = (3 () e = (3 1) (Box)) - (b20)
o (Bt (baxx) = (exAw) - (62x1)
o (tixts) v = (1xw) - (taxe) @

Similarly, by taking the dot product of (1) with (t, xr) we obtain an equation for the surface 7,
i(t1><t2)~1‘: (rxbw) - (t1 xr) (3)
73

To express (2) and (3) in scene coordinates we substitute 7, r = R. into (2) to obtain
(t1xts) R+ (bwxR) - (t2xR) =0

Similarly, substituting Zsr = R into (3) we obtain
(tixts) R+ (bwxR) - (t1xR) =0

These two equations can also be written in the form

(t1xts) R — (R - t5)(6w - R) + (t2 - 6w)(R-R) = 0 (4)
(trxts) R — (R -t1)(fw - R) + (t1 - 6w)(R-R) = 0 5)

Asthese equations are quadratic in R., we see that the surfacesin view, which can give rise to ambiguous
motions, must be quadratic.

Now let usfind out what kind of quadric they are. Are they ellipsoids, hyperboloids of one or two shests,
or are they of degenerate form?

If wesubstitute R. = Kt into (4), the equation holds. We concludethat alineparalléel to t, passing through
the origin liesentirely in the surface, and thus the surface must be a hyperboloid of one sheet (or one of its
degenerate forms).

A hyperboloid of one sheet has two sets of intersecting rulings. It can be verified that R = Ktq, where
to = ((t2xt1)xéw)x(t2xt1) isthe equation of asecond line embedded in the surface.



(b) Sincethereisno constant term in (4) and (5) the hyperbol oids described by these equations pass through
the origin, that is, the viewer must be on the surface being viewed. Thus we find that the motion field
corresponds in someimage regionsto points on the surface lying in front of the viewer and in other image
regions to points on the surface behind the viewer. A real ambiguity can only arise if the field of view is
restricted to regionswhere both 7; > 0 and 7> > 0.

X

(@ If wesubstituteinto equation 7 = Z, + pX + qY theimage coordinates, that is, z = 7 andy = % we
obtain
A !
20 | oy —
7 P qy
(b) The equations for the motion field are
1 2
u = E(—U—}—:L‘W)—}—a:by—/)’(a: —|—1) + vy
1
vo= E(—V—}—yW)—i—a(yz—l—l) — By — vz
Substituting from (@) for % we obtain
1
u = Z—(—U—}—mW)(l—p;L‘—qy)—i—axy—[)’(rQ—}—l) + vy
0

1
Z—O(—V +yW)(1 —pr —qy) +a (y* + 1) — By — 7z

=
|

(c) For two setsof rigid motions and corresponding surfaces which giverise to the same motion field, we have

Ztl (U1 +2Wi)(1 = prz — quy) + arzy — B1 (2° + 1) + 1y
= ZL (=Us + 2Wa)(1 — poz — qoy) + aszy — Bo (22 + 1) — 72y
and
Zlol (Vi +yW)(1—piz —q1y) + a1 (y* + 1) — Brzy + 1z
= Z102 (=Va 4+ yWo)(1 — p2z — q2y) + a2 (y* + 1) — ozy — you
We substitute

U{:Ul/Zol UéIUz/ZO2 Vf:V1/Z01

Vg =Va/Zo, W{=Wi/Z4y, Wi=Ws/Z0,
and equate the coefficients of the powersof = and y that occur in the above equationsto derivethefollowing
eight conditions

Vll - Vzl = a1 — «Qy
W1"11 - Wz’Qz = 1 — Q3
Ul-U; = fa—hh
Wipt —Wips = foa—
Ulgi—Usqa = 712-m
Vipt = Vipa = 71— 172
Up—Uyps = Wi;—-W|

Vigg—Viga = Wi —-W|



