
Solutions to Homework 11

1. (a) If we have a motion
���������	��


and a surface � ����������
that yields the same motion field as a motion

������������

and a surface � � ��������

, then
�

� � �����  � � �"! �#�%$&����  !%� '� � �(! �)�+* �
� � ���"� ,� � �+! �)�%$&����  !%� -� � �+! �#�

or
�

� � �����  ��� �"! �#��. �
� � ����� ,��� �+! �)�"*/����  !%� �0�� �"! �#� (1)

with
0��1*2���3.4�	�

.
We only consider the general case. Thus let

� �	5 � �76*98:� 0�� 5 � �;6*&8:� 0�� 5 � � *98
<=� � � � � < 6*98:�><�0�� � � � < 6*&8:�><�0�� � � � < 6*98

To find the surface � �
, we take the dot product of (1) with

� � �"! to obtain�
� � �����  � � �"! �#� 5 ,� � �+! �"*?#����  !%� �0�� �@! �#�#� 5 ,� � �"! �

or
�

� � #��� 5 ! �A� � .B��� 5 � � � ! � 5 ,� � �"! �"*?)��� 5 �0�� �+! �#� ! .C��� 5 ! �D�0�� �"! �#� 5 ,� � �"! �

or
�

� � ��� 5 ! �A��� 5 ,��� �+! �"*? !%� 0��@� 5 ,��� �"! �

or
�

� � ,��� � ����� 5 ! *E !%� 0��	� 5 ,��� �(! � (2)

Similarly, by taking the dot product of (1) with
 ��� �"! � we obtain an equation for the surface � �

�
� � ,��� � ���=� 5 ! *? !%� 0��@� 5 ,��� �"! � (3)

To express (2) and (3) in scene coordinates we substitute � � ! *GF
into (2) to obtain

,��� � ���=� 5 F?$H�0�� � FI� 5 ,��� � FI�+*G8

Similarly, substituting � � ! *GF
into (3) we obtain
,��� � ���=� 5 F?$H�0�� � FI� 5 ,��� � FI�+*G8

These two equations can also be written in the form
,��� � ���=� 5 FJ.C�F 5 ���=�K�0�� 5 FL�%$M,��� 5 0��@�K�F 5 FI�+*G8

(4),��� � ���=� 5 FJ.C�F 5 �����K�0�� 5 FL�%$M,��� 5 0��@�K�F 5 FI�+*G8
(5)

As these equations are quadratic in
F

, we see that the surfaces in view, which can give rise to ambiguous
motions, must be quadratic.
Now let us find out what kind of quadric they are. Are they ellipsoids, hyperboloids of one or two sheets,
or are they of degenerate form?
If we substitute

FN*GOP� �
into (4), the equation holds. We conclude that a line parallel to

� �
passing through

the origin lies entirely in the surface, and thus the surface must be a hyperboloid of one sheet (or one of its
degenerate forms).
A hyperboloid of one sheet has two sets of intersecting rulings. It can be verified that

FQ*ROP��S
, where��ST*?),� � � � � � � 0��	� �  � � � � � �

is the equation of a second line embedded in the surface.



(b) Since there is no constant term in (4) and (5) the hyperboloids described by these equations pass through
the origin, that is, the viewer must be on the surface being viewed. Thus we find that the motion field
corresponds in some image regions to points on the surface lying in front of the viewer and in other image
regions to points on the surface behind the viewer. A real ambiguity can only arise if the field of view is
restricted to regions where both � �VUB8

and � �WU&8
.

2. (a) If we substitute into equation � * � S $YX:Z[$H\�]
the image coordinates, that is,

�P*_^ `
and

�a*_b`
we

obtain � S
�

* � .cXd�e.1\��

(b) The equations for the motion field are

f * �
�

).hgB$i�kj9�%$Ml(�D�h.nmpo�� � $ �=q $1rd�

s * �
�

).htB$M�Aj9��$MlPo�� � $ �=q .nm��d�u.nrd�

Substituting from (a) for
�`

we obtain

f * �
� S #.hgi$B�kj9�� � .cXD�7.i\�����$Cl"�d�v.wm o � � $ � q $irD�

s * �
� S #.htB$i�xj9�� � .pXd�7.Y\�����$Bl o � � $ � q .wm��D�;.nrd�

(c) For two sets of rigid motions and corresponding surfaces which give rise to the same motion field, we have
�

� S�y #.hg+�+$i�kjw�=�� � .cXk�K�7.Y\������"$il@���D�h.Ym%� o � � $ � q $Yr:�K�

* �
� S�z #.hg(�+$M�kj{�=�K � .cXd���7.Y\��=���"$il"�=�D�h.Ymd� o � � $ � q .wrA���

and �
� S y #.htD�($M�Ajn���� � .cX%�=�7.Y\������"$il@�+o�� � $ ��q .wm%�=�D�V$Yr:���

* �
� S�z #.ht|�+$M�Ajp���K � .PXd���7.}\��=���($Cl"�3o�� � $ �=q .Ymd���d�v.wrA���

We substitute gV~� *Eg+�=� � S=y gV~� *Eg(��� � S z tV~� *�td�=� � S=y
t�~� *?t|��� � S z j&~� *?jn�K� � S�y j&~� *Ej{��� � S z

and equate the coefficients of the powers of
�

and
�

that occur in the above equations to derive the following
eight conditions tV~� .MtV~� * l+�@.}l"�

j&~� \��".Mj&~� \���* l+�@.}l"�
g ~� .Mg ~� * md�3.Ym%�

j&~� X � .ij&~� X � * m � .Ym �
gV~� \ � .MgV~� \ � * r � .Yr �
tV~� X � .Ct�~� X � * r � .Yr �
gV~� X � .CgV~� X � * j&~� .Mj&~�
tV~� \ � .MtV~� \ � * j&~� .Mj&~�


