Bayesian Learning




Outline

e MLE, MAP vs. Bayesian Learning

e Bayesian Linear Regression

e Bayesian Gaussian Mixture Models

— Non-parametric Bayes




Take Away ...
1. Maximum Likelihood Estimate (MLE)

e 0* = argmaxy p(D|0)
e Use 0 in future to predict y,41 given X, 1
2. Maximum a posteriori estimation (MAP)
e 0" = argmaxy p(0|D, ) = arg maxy p(D|0)p(0|a)
— « is called Hyperparameter

e Use 0 in future to predict y, 11 given X, 1

3. Bayesian treatment

e model p(6|D, )

o p(yn—i—l‘xn—klaDa O‘) — f@ p(yn+1\97Xn+1)P(9|Da Oz)d@




MLE Estimate

0* = arg maxy p(D|0)
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MAP Estimate

6* = arg maxy p(D|0)p(9)
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Linear Regression

D={(x;,y;)}i=1---N
Assume that y = f(x,w) + ¢
— e~ N(0,871)

Linear models assume that
— f(x,w) = (w,x) =wlx

The aim is to find the appropriate weight vector w




Maximum Likelihood Estimate (MLE)

1. Write the Likelihood
o p(ylx,w,B) = N(y|f(x,w),87") = N(ylw'x,571)

L(w) p(y1--yn|X1..Xn, W, )

2. Solve for w* and use it for future predictions.




MAP Estimate

1. Introduce Priors on the parameters

e What are the parameters in this model 7

e Conjugate Priors
— Prior and Posterior have same form.

— Beta is conjugate to Bernoulli dist.
— Normal with known variance is conjugate to Normal dist.

e Hyperparameter

— The parameters of the prior distribution

2. Model the posterior distribution — p(0|D, «)

0" = arg m@axp(é’]D, o) = arg m@axp(D\H)p(é’]a)




MAP Estimate

For Linear Regression, p(y|x, w, 8) = N (y|lw!x,571)

1. Introduce Prior distribution
e Identify the Parameters

e We put a Gaussian prior on w

p(wla) = N(w|0,a'T)

2. Model Posterior distribution
e p(Wly, X,a) x p(y|lw,X) p(w|a)
— Likelihood L(w) = p(y|w, X) is :

1 [p(yilxi, w, 8) = | [V (wilw"xi, 871)
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MAP Estimate

With the above choice of prior,

p(W‘Y7X7a75) :N(W‘MNazN)

e Yy =al +8XTX
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Since this is Gaussian, mode is same as the mean.
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Bayesian Treatment

1. Introduce prior on the parameters

e For Linear Regression, p(w|a) = N (w,0,a 1)
2. Model the posterior distribution of parameters

o p(wly, X,a) o< p(ylw,X) p(w|a)

e For Linear Regression, p(wly, X, a, 8) = N(wl|un, XN)
3. Predictive Distribution

® p(Yn+1lxXnt1,y, X, a, B)

The first two steps are common to the MAP estimate process.




Predictive Distribution

Model the posterior distribution

p(w\y,X,oz,B) — N(W‘NNazN)

unlike MAP estimate, we sum over all possible parameter values

p(yn+1‘xn+17Y7X70576) — / p(yn+1‘W,Xn+176)p<W‘y,X,Oé,ﬁ)




Predictive Distribution

p(:yn—l—l‘xn—i—la}IaXaaaB) — / p(yn+1‘waxn+176)p<W‘Y7X70575)

N (] i, ok (xasa))

e The variance decreases with the N
e In the limit, y,11 = ,LLJJ\}XnJrl = WEAPXn_Fl

e Hyperparameter estimation
— Put prior on the hyperparameters 7

— Empirical Bayes or EM




Hyperparameter Estimation — Empirical Bayes

p(yly, X) = / / /B p(ylw, X, B)p(wly, X, a, B)p(a, Bly)da dB dw

e Relatively less sensitive to the hyperparameters

e If posterior p(a, 8|y, X) is sharply peaked, then

p(yly, X) = plyly, X,a”, 5%) = / p(ylw, X, 8% )p(wly, X, a", 3%)

w

e If the prior is relatively flat, then

— o and 8* are obtained by maximizing the likelihood.




Bayesian Treatment

1. Introduce prior distribution
e Conjugacy
2. Model the posterior distribution

e Hyperparameters can be estimated using Empirical Bayes

— Avoids the Cross-validation step

— Hence, we can use all the training data

3. Predictive Distribution
e Integrate over the parameters

e Draw few samples from posterior and sum over them.
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Mixture Models (Recap)

e Finite Gaussian Mixture Model
— z=1--- K mixture components

— parameters for each component (g, 3).

p(z)p(z[2)

> plz = k)p(x|p, B)

z=1...K

k

e What are the parameters in Gaussian Mixture Model 7




Bayesian treatment of Mixture Models

Non-parametric Bayes

e What should we do ?




Bayesian treatment of Mixture Models

1. Introduce prior distribution
2. Model the posterior distribution

3. Predictive Distribution

o p(x) = >y orp(|pk, 5)
e For GMM, we keep the variance fixed.
— p(x|pr, B) = N (g, 871)

e Put prior on the mixing weights (¢x) and the mean parameters
(hr)-




Dirichlet Process

G~ DP(Oéo, Go)

Treat this as a collection of samples

{01,0,,---} with weights {¢1, ¢o,- -}

e 0, ~ Gy can be scalar or vector depending on Gy

— Countably infinite collection of i.i.d samples

> =1
— Stick-breaking construction gives these weights.

— ¢, values depend on g

e 0 ~ G = choose a 0; with weight ¢,




Dirichlet Process for GMM

1. Prior on the parameters
The base distribution Gy be N (1, ~I)
i ~ Go = i ~ N(,41)

Stick-breaking process is used as prior for ¢;

Allows arbitrary number of mixing components.

G~ DP(o,N(¢,71))
G ~ G
xz‘:uz’ﬁ ~ N(:uiaﬁ_1>

Chinese Restaurant Process




Dirichlet Process for GMM

1. Modeling the posterior

e c; denote the cluster indicator of i*” example

e p(c, pu|X) oc p(cla)p(ple, X)
e Run Gibbs sampler.
e Estimate the hyperparameters (o and +)

2. Predictive distribution
e Draw samples from the posterior.

e Sum over those samples.

e Doesn’t need to specify the number of components.




Non-parametric Bayes

Stick-breaking construction gives prior on mixing components.
Learns the number of components from the data.
Hyperparameters are estimated using Empirical Bayes

Hierarchical Dirichlet Process (HDP)

— Possible to design hierarchical models




Take Away ...
1. Maximum Likelihood Estimate (MLE)

e 0* = argmaxy p(D|0)
e Use 0 in future to predict y,41 given X, 1
2. Maximum a posteriori estimation (MAP)
e 0" = argmaxy p(0|D, ) = arg maxy p(D|0)p(0|a)
— « is called Hyperparameter

e Use 0 in future to predict y, 11 given X, 1

3. Bayesian treatment

e model p(6|D, )

o p(yn—i—l‘xn—klaDa O‘) — f@ p(yn+1\97Xn+1)P(9|Da Oz)d@




Questions 7

27



