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Abstract. We are surrounded by surfaces that we perceiven order to interact successfully with it. At the same time,
by visual means. Understanding the basic principles behindinderstanding the way space is represented in the brains
this perceptual process is a central theme in visual psycholef biological systems is key to unraveling the mysteries of
ogy, psychophysics, and computational vision. In many ofperception. We refer later to space represented inside a bio-
the computational models employed in the past, it has beetogical or artificial system aperceptual spaceas opposed
assumed that a metric representation of physical space can physical extra-personaspace
be derived by visual means. Psychophysical experiments, as Interesting hon-computational theories of perceptual space
well as computational considerations, can convince us thahave appeared over the years in the fields of philosophy and
the perception of space and shape has a much more corgegnitive science [22]. Computational theories, on the other
plicated nature, and that only a distorted version of actualhand, developed during the past 30 years in the area of com-
physical space can be computed. This paper develops a corputer vision, have followed a brute-force approach, equating
putational geometric model that explains why such distortionphysical space with perceptual space. Euclidean geometry
might take place. The basic idea is that, both in stereo anéhvolving metric properties has been used very successfully
motion, we perceive the world from multiple views. Given in modeling physical space. Thus, early attempts at modeling
the rigid transformation between the views and the properperceptual space concentrated on developing metric three-
ties of the image correspondence, the depth of the scene calimensional descriptions of space, as if it were the same as
be obtained. Even a slight error in the rigid transformationphysical space. In other words, perceptual space was mod-
parameters causes distortion of the computed depth of theled by encoding the exact distances of features in three
scene. The unified framework introduced here describes thidimensions. The apparent ease with which humans perform
distortion in computational terms. We characterize the space plethora of vision-guided tasks creates the impression that
of distortions by its level sets, that is, we characterize thehumans, at least, compute representations of space that have
systematic distortion via a family of iso-distortion surfaces a high degree of generality; thus, the conventional wisdom
which describes the locus over which depths are distorted byhat these descriptions are of a Euclidean metric nature was
some multiplicative factor. Given that humans’ estimation of born and has persisted until now [1,17, 26].
egomotion or estimation of the extrinsic parameters of the = Computational considerations, however, can convince us
stereo apparatus is likely to be imprecise, the framework ighat for a monocular or a binocular system moving in the
used to explain a number of psychophysical experiments omvorld it is not possible to estimate an accurate description of
the perception of depth from motion or stereo. three-dimensional (3D) metric structure, i.e., the exact dis-
tances of points in the environment from the nodal point of
the eye or camera. This paper explains this in computational
terms for the case of perceiving the world from multiple
views. This includes the cases of both motion and stereo.
1 Introduction Given two views of the world, whether these are the left and
right views of a stereo system or successive views acquired
The nature of the representation of the world inside our headby a moving system, the depth of the scene in view depends
as acquired by visual perception has persisted as a topic ¢fn two factors: (a) the three-dimensional rigid transforma-
investigation for thousands of years, from the works of Aris-tion between the views, hereafter called 8i transforma-
totle to the present [26]. In our day, answers to this questioriion, and (b) the identification of image features in the two
have several practical consequences in the field of roboticgiews that correspond to the same feature in the 3D world,
and automation. An artificial system equipped with visual hereafter calledisual correspondence
sensors needs to develop representations of its environment If there were no errors in the 3D transformation or the

visual correspondence, then clearly the depth of the scene
Correspondence toY. Aloimonos
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in view could be accurately recovered and thus a metriccomparative interest. We also discuss an additional motion
description could be obtained for perceptual space. Unexperiment [15] and some well-known stereo experiments.
fortunately, this is never the case. In the case of stereo, The computational arguments presented here are based
the 3D transformation amounting to the extrinsic calibra-on two ideas. First, the 2D image representation derived for
tion parameters of the stereo rig cannot be accurately esstereo perception is of a different nature than the one derived
timated, only approximated [7]. In the case of motion, thefor motion perception. Second, the only thing assumed about
three-dimensional motion parameters describing rotation anthe scene is that it lies in front of the image plane, and thus
translation are estimated within error bounds [4-6,8,27,33]all depth estimates have to be positive; therefore, the per-
Finally, visual correspondence itself cannot be obtained pereeptual system, when estimating 3D motion, minimizes the
fectly; errors are always present. Thus, because of errors inumber of image points whose corresponding scene points
both visual correspondence and 3D transformation, the rehave negative depth values due to errors in the estimate
covered depth of the scene is alwaydistorted version of  of the motion. In [9] an error analysis has been performed
the scene structure. The fundamental contribution of this pato study the optimal relationship between translational and
per is the development of a computational framework show+otational errors which leads to this minimization. It has
ing the geometric laws under which the recovered scendeen found that for a general motion imaged on a plane, the
shape is distorted. In other words, there is a systematic waprojection of the translational error motion vector and the
in which visual space is distorted; the transformation fromprojection of the rotational error motion vector must have
physical to perceptual space belongs to the family of Cre-a particular relationship. Furthermore, the relative amount
mona transformations [38]. of translational and rotational error can be evaluated as a

The power of the computational framework we introduce function of scene structure. These findings are utilized in
is demonstrated by using it to explain recent results in psythe explanation of the psychophysical experiments.
chophysics. A number of recent psychophysical experiments The organization of this paper is as follows. Section 2.1
have shown that humans make incorrect judgments of deptintroduces the concept of iso-distortion surfaces. Consider-
using either stereo [13, 18] or motion [15, 31]. Our com- ing two close views, arising from a system in general rigid
putational theory explains these psychophysical results anchotion, we relate image motion measurements to the pa-
demonstrates that, in general, perceived space is not descritemeters of the 3D rigid motion and the depth of the scene.
able using a well-established geometry such as hyperbolicThen, assuming that there is an error in the rigid motion
elliptic, affine or projective. Understanding the invariancesparameters, we find the computed depth as a function of the
of distorted perceived space will contribute to the under-actual depth and the parameters of the system. Considering
standing of robust representations of shape and space, withe points in space that are distorted by the same amount, we
many consequences for the problem of recognition. Thidind them to lie on surfaces that in general are hyperboloids.
work was motivated by our recent work on direct percep-These are the iso-distortion surfaces that form the core of our
tion and qualitative shape representation [10, 11] and waspproach. In Sect. 2.2, we further describe the iso-distortion
inspired by the work of Koenderink and van Doorn on pic- surfaces in both 3D and visual space, and we introduce the
torial relief [21]. concept of the holistic or H-surfaces. These are surfaces

In the psychophysical literature, it has been argued bethat describe all iso-distortion surfaces distorted by the same
fore for the interpretation of stereo data that an incorrectamount, irrespective of the direction.(, n,) in the image
estimation of the viewing geometry causes incorrect estimain which measurements of visual correspondence are made.
tion of the depth of the scene. This was first hypothesizedThe H-surfaces are important in our analysis of the case of
but not further elaborated on by von Helmholtz [34] and wasmotion since measurements of local image motion can be
explained by means of a number of tasks involving depthin any direction and not just along the horizontal direction
judgments from stereo by Foley [13]. In this paper, we pro-which is dominant in the case of stereo. Section 3 describes
vide a general framework of space distortion on the basis opsychophysical experiments from the recent literature using
incorrect estimation of viewing geometry which can be usedmotion and stereo, and Sect. 4 explains their results using the
to explain estimation from motion as well as stereo. In ouriso-distortion framework. Section 4.1 describes in detail the
exposition, we concentrate primarily on the experiments de<oordinate systems and the underlying rigid transformations
scribed in [31], which are concerned with both motion andfor the specific experiments. Sections 4.2 and 4.3 explain the
stereo, and we use these experiments to explain in detaéxperimental results of [31] for motion and stereo, respec-
the utilization of the iso-distortion framework. In these ex- tively, and Sect. 4.4 discusses the experimental results of
periments, Tittle et al. tested how orientations of objects inthe additional purely motion or stereo experiments using the
space and absolute distance influence the judgment of deptframework introduced here. Section 5 concludes the paper
and they found very different results from the motion andand discusses the relationship of this work to other attempts
stereo cues. The experiments were cleverly designed so that the literature to capture the essence of perceptual space.
the underlying geometries of the motion and stereo config-
urations were qualitatively similar. Thus, they are of great

2 Distortion of visual space

1 In the projective plane, a transformation, §, z) — (z’,%’, 2’) with

pa’ = ¢1(x,y, 2), py' = d2(x,y, 2), pz’ = P3(z,y, z) whereps, ¢z, ¢3 are
homogeneous polynomials apdany scalar, is called a rational transfor- . .
mation. A rational transformation whose inverse exists and is also rationaAS an image formation model, we use the standard model of

is called a Cremona transformation. perspective projection on the plane, with the image plane at a

2.1 Iso-distortion surfaces
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of the flow due to translation, ang.t, vyt the horizontal and
vertical components of the flow due to rotation, respectively.
The velocity component,, of the flow in any direction
n = (ng,n,) has value

+f>+7y

Up = UNg T UNy . (2)

Knowing the parameters of the viewing geometry exactly,
the scaled depth can be derived from (2). Since the depth
can only be derived up to a scale factor, we Bét= 1 and

Fig. 1. The image formation modeD XY Z is a coordinate system fixed to
the cameraO is the optical center, and the positiveaxis is the direction

of view. The image plane is located at a focal lengttpixels from O obtain

along theZ-axis. A pointP at (X, Y, Z) in the world produces an image _ (r — zo)n, + (y — yO)ny

point p at (z, y) on the image plane where (y) is given by(fé(, fZY) Z= . .

The instantaneous motion of the camera is given by the translational vector Un = Urotle = Urotlly

(U, V, W) and the rotational vectoi( 3, 7) If there is an error in the estimation of the viewing ge-

ometry, this will in turn cause errors in the estimation of
the scaled depth, and thus a distorted version of space will

distancef from the nodal point parallel to th&Y plane, and be computed. In order to capture the distortion of the esti-

the viewing direction along the positivé-axis as illustrated ~Mmated space, we describe it through surfaces in space which

in Fig. 1. We want a model that can be used both for motionare distorted by the same multiplicative factor, the so-called

and stereo. Thus, we consider a differential model of rigidiso-distortion surfaces. To distinguish between the various

motion. This model is valid for stereo, which constitutes a€stimates, we use the hatsi§ " ) to represent estimated

special constrained motion, when making the small baselinguantities, the unmarked letters to denote the actual quan-

approximation that is used widely in the literature [21].  tities, and the subscripte® to represent errors, where the
Specifically, we model the change of viewing geome-estimates are related as follows:

try differentially through a rigid motion with translational PR _ _

velocity (U, V, W) and rotational velocity «, 3,7) of the (Aon, y?) (0 = Zo., 40 = 30.)

observer in the coordinate systemXY Z. Stereo can be (& 05,7) = (@ —ac,f = Be;y =)

approximated as a constrained rigid motion with transla- Orot = (Grot, Drot) = Urot — Urot,

tion (U, 0, W) and rotation (03, 0), as explained in detail in_ = (trot — Urot,» Vrot — Vrot,)

Sect. 4.1. In the case of stereo the measurements obtained ) ) ) R

on the image are the so-called disparities, which we approxlf we also allow for a noise tern¥ in the estimatex,, of the

imate here through a continuous flow field. As, due to thecomponent flowu,,, we haveu; = u, + N. The estimated

stereo viewing geometry, the disparities are close to horizondepth becomes

Fal, in the forthcoming analysis we only employ horizontal s (x—Zo)ng + (v — Go)ny

image flow measurements. On the other hand, in the casé =

of continuous motion from local image information, only .

the component of the flow perpendicular to the edges (along Z =

image gradients) can, in general, be obtained. Thus, in the 7. (z—Zo)na+{y—1Ho)ny ) ©)

case of motion, we consider as input the field resulting from (== To)na*y ~golny *+ 2o natvro ny PN Z

this component, which is known as the normal flow field. From (3) we can see that is obtained fromz through mul-

In summary, for both cases of stereo and motion we use thgplication by a factor given by the term inside the brackets,

projection of the flow field on orientations:{, n,), which  which we denote byD and call the distortion factor. In the

in the case of motion represent image gradients, and in theorthcoming analysis we do not attempt to model the statis-

case of stereo represent horizontal directions. tics of the noise, and we will therefore ignore the noise term.
As is well known, from the 2D image measurements Thys, the distortion factor takes the form

alone as a consequence of the scaling ambiguity, only the (@ — Go)na + (y — fo)n

direction of translationso, yo) = (Y, f, ¥, f) represented in D = )itz T Y Yo)tty )

the image plane by the epipole [aiso called the FOE (focus (£ — Zo)na +(y — yg)ny

of expansion) or FOC (focus of contraction) depending on +7Z aﬁf“’y — B ﬂ; + f) +75y) Ny

whetherV is positive or negative], the scaled de@dhiiv, o2 oy

and the rotational parameters can possibly be obtained from ¥ (O‘f ( 5 f) — B - %x) ”y}

flow measurements. Using this notation, the equations relat(—)r, in a more compact form

ing the 2D velocityu = (u,v) = (utrans* Urot; Vtrans + Urot) R R

of an image point to the 3D velocity and the depth of the 1, _ (x — Zo) ng + (y — o) ny

corresponding scene point are (z — o+ Zuor, ) N + (y — Yo + Zvror, ) 1y

R N R or
U, — (UrotNz + Drothy)
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Equation (4) describes, for any fixed direction,(n,) and
any fixed distortion factorD, a surfacef(z,y,Z) = 0 in 15
space, which we call an iso-distortion surface. For spe- i
cific values of the parametersy, yo, Zo, Jo, @, B, 7. and 0
(nz, ny), this iso-distortion surface has the obvious property*
that points lying on it are distorted in depth by the same
multiplicative factorD. Also, from (3) it follows that the
transformation from perceptual to physical space is a Cre="%s
mona transformation. -100
It is important to realize that, on the basis of the pre-
ceding analysis, the distortion of depth also depends upon
the direction ., n,) and is therefore different for different 200300
directions of flow in the image plane. This means simply rig. 2. iso-distortion surface iy Z space. The parameters aig: = 10,
that if one estimates depth from optical flow in the pres-z, = —1, yg = —25, 4o, = -5, ac = —0.05, 8c = —0.1, v, = —0.005,
ence of errors, the results can be very different depending =1, D =15, n, =0.7
on whether the horizontal, vertical, or any other component
is used; depending on the direction, any value betwesn
and 400 can be obtained! It is therefore imperative that a
good understanding of the distortion function be obtained,
before visual correspondences are used to recover the deptﬁ
or structure of the scene. 100
In order to derive the iso-distortion surfaces in 3D space; s
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we substituter = /¥ andy = /) in (4), which gives the
following equation: 50
D ((aeXY — B (X?+ Z%) + 7Y Z) ny 200
+(ae (Y2 +2%) — BXY — 7. XZ)ny)
7o (-7)
—| X - -D|X - Ny a
(=75 f

(= o () =

describing the iso-distortion surfaces as quadratic surfaces NS
— in the general case, as hyperboloids. One such surface is, p / WASSESS S,
depicted in Fig. 2. Throughout the paper, we will need access;s,

to the iso-distortion surfaces from two points of view. On e
the one hand, we want to compare surfaces corresponding to
the sameD, but different gradient directions; thus, we are
interested in the families ob iso-distortion surfaces (see -*
Fig. 3a). On the other hand, we want to look at surfaces!
corresponding to the same gradient directigiut different
D’s, the families ofn iso-distortion surfaces (see Fig. 3b).
We will also be interested in the intersections of the surfaces
with planes parallel to th&X 7, Y Z, and XY planes. These b
intersections give rise to families of iso-distortion contours; Fig. 3. a Family of D iso-distortion surfaces for, = 1,0.7,0. b Family

for an example, see Fig. 4. of n iso-distortion surfaces foD = 0.3,300Q 1.5. The other parameters
are as in Fig. 2

2.2 Visualization of iso-distortion surfaces

which in general constitute hyperboloids. For horizontal flow

The iso-distortion surfaces presented in the previous seGjqiqrg f. = 1,1, = 0), they become elliptic cylinders, and
. . x ) 1oy ’ ’
tion were developed for the general case, i.e., when the 3L, erical flow vectors, they become hyperbolic cylinders.
transformation between the views is a general rigid motion.

; . . Figure 5 provides an illustration of an iso-distortion sur-
However, the psychophysical experiments that we will €X-tace for a general flow direction (herg = 0.7, n, = 0.714).

plain in the sequel consider constrained motion: rotation onlye, o purposes, only the parts of the iso-distortion surfaces
around theé’-axis and translation only in th& Z plane. The - inin the range visible from the observer are of interest.

only n:jogon p(;lrtzra]mgterz_t? ti? Cons:cderedbare therefore  gjince in the motion considered later the FOE has a large

Zo, andzo, and the Iso-distortion surtaces become value, these parts show very little curvature and appear to
DfB.X%n, + DB.Z%n, + DB.XYn, — (D —1)Xn, be close to planar, as can be seen from Fig. 5b.

. Ng ., _ In order to make it easier to grasp the geometrical or-

— (D= 1DYny — (%o — Do) f Z=0 ganization of the iso-distortion surfaces, we next perform a
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Fig. 4. Intersection of a family oh iso-distortion surfaces (as shown in 250
Fig. 3b) with theX Z plane gives rise to a family of iso-distortion contours 200
7150

100
simplification and use in addition to 3D space also visual so
space (that isgyZ space): Within a limited field of view,
terms quadratic in the image coordinates are small relative >
to linear and constant terms; thus, we ignore them for the
moment, which simplifies the rotational term for the motions
considered toot, vrot) = (— 0B f, 0).

In visual space, i.e.xyZ space, that is the space per-
ceived under perspective projection where the fronto—paraIIeF_
dimensions are measured according to their size on the ima J
plane, the iso-distortion surfaces take the following form:

[2(D — 1) +(Zo — Dxo)l na +y(D — 1ny — DB fZn, =0

That is, they become planes with surface normal vectorgyoint P of the circle represents the slice of the iso-distortion
(D—Dng, (D—1)ny, —Dfc fn,). For afixedD, the family  pjane which is perpendicular to a line through the cerd®r (

of D iso-distortion surfaces obtained by varying the directiongng p.

(nz,ny) is a family of planes intersecting on a lielf we If we now move the slicing plane parallel to itself, the
slice these iso-distortion planes with a plane parallel to thestrajght lines of the pencil will trace the iso-distortion planes,
zy (or image) plane, we obtain a pencil of lines with center and the circle will change its radius and trace a circular cone
lying on thez-axis (the point through which liné passes) \ith the Z-axis as one ruling (Fig. 6c).

(see Fig. 6a). _ _ _ . The circular cones are described by the following equa-
In our forthcoming analysis, we will need to consider the tjgn:

family of iso-distortion surfaces for a given distortidh that

is, the D iso-distortion surfaces for all directions,(, n,).  2°(D — 1) + (& — Do)z +y*(D — 1) — DB fZz = 0
Thus,_we vy|II nged a compact representation for the family (Do — &0+ DB.fZ) 2 )

of D iso-distortion surfaces in 3D space. The purpose of or - 2D — 1)

this representation is to visualize the high-dimensional fam-

ily of D iso-distortion surfaces inc(y, Z, n) space through _ [ D(xo+BefZ) — 2o 2
a surface in «,y, Z) space in a way that captures the es- - { 2(D - 1) }
sential aspects of the parameters describing the family and _ )

thus the underlying distortion. As such a representation, wel hus, their axes are given by

choose the following surfaces, hereafter called holistic or A - -
H-surfaces, which are most easily understood through theif *0 ~ fo* DfcfZ —2(D —1)x =0, y=0
cross-sections parallel to they plane: Considering a pla- Slicing the cones and the simplified iso-distortion surfaces
nar slice of the family ofD iso-distortion surfaces, as in with planes parallel to they plane as in Fig. 6b, the circles
Fig. 6aZ we obtain a pencil of _Ilnes. As a representation forWe obtain have center:(y,Z) = (Dmofa":oiDﬁefZ7O’ Z)
these lines we choose the circle with diameter extending R AD-1)

from the origin to the center of the pencil (Fig. 6b). This and radius Dm’&%ff))ﬂ"- The circular cones serve as a
circle clearly represents all orientations of the lines of theholistic representation for the family of iso-distortion sur-
pencil (or the iso-distortion planes in the slicing plane). Any faces represented by the sam¥ and therefore the name

RS
S
AV n e ANVANVAN
A A VA\VA VA VAN

- 300

. 5. aA general iso-motion surface in 3D space. Thexis corresponds
the optical axisb Section of an iso-motion surface for a limited field of
view in front of the image plane for large values af
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a b c

Fig. 6a—c. Simplified iso-distortion surfaces in visual spaeelntersection of the family of the simplified iso-distortion surfaces (planes) for different
directions ..., ny) with a plane parallel to the image plarieA circle represents the intersections of the family of fhéso-distortion surfaces with planes
parallel to the image plane.In visual space a family ob iso-distortion surfaces is characterized by a cone (the holistic surface)

holistic or H-surface. It should be noted here that the holis- Z4
tic surfaces become cones only in the case of the constraine —
3D motion considered in this paper. In the general case, they o3

are hyperboloids.

It must be stressed at this point that the iso-distortion sur-
faces should not be confused with the H-surfaces. Whereas
a D iso-distortion surface for a direction represents all
points in space distorted by the same multiplicative factor
D for image measurements in direction the holistic sur-
faces do not represent any actually existing physical quan-
tity; they serve merely as a tool for visualizing the family
of D iso-distortion surfaces as varies, and will be needed
in explaining the distortion of space due to motion.

The H-surfaces for the families of iso-distortion surfaces
vary continuously as we vary. For D = 0, we obtain a
cylinder with theZ-axis and the liner = zy as diametrically
opposite rulings. Fob = 1, we obtain a plane parallel to the
xy plane given byZ = "< the cone forD = oo and the
cone forD = —oo coincide. Thus, we can divide the space
into three areas: the areas between the 0 cylinder and
the D = —oo cone, which only contain cones of negative
distortion factor; the area between the= o cone and the
D =1 plane, with cones of decreasing distortion factor; and
the area between thB = 0 cylinder and theD = 1 plane,
with cones of increasing distortion factor. All the holistic Xy
surfaces intersect in the same circle, which is the intersectioh
of the D = 0 cylinder and theD = 1 plane (see Fig. 7a). Fig. 7. a Holistic surfaces (cones) in visual space, labeled with their re-
Since the holistic surfaces intersect in one plane, any familyspective distortion factors: Holistic surfaces (third-order surfaces) in 3D
of n iso-distortion surfaces intersects in a line in that plane.SPace

To go back from visual to actual space, we have to com-
pensate for the perspective scaling. In actual 3D space, the, . _
iso-distortion surfaces are given by the equation ¥(%o— Dro) XZ — DBXZ?f =0

DB.Z%n, +(1— D)Xn, An illustration is given in Fig. 7b.

a

HL- D)Yn, +(Dao— o) 1" =0 | | |
f 3 Psychophysical experiments on depth perception

describing parabolic cylinders curved in tt&dimension.

Also, the circular cones have an additional curvature in thén the psychophysical literature, a number of experiments
Z-dimension, and thus the H-surfaces in 3D space are suf}as been reported that document a perception of depth which
faces of the form does not coincide with the actual situation. Most of the ex-

periments were devoted to stereoscopic depth perception,
XD -1)f+Y%D - 1)f using tasks that involved the judgment of depth at different
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distances. The conclusion usually obtained was that there it

an expansion in the perception of depth of near distances _
and a contraction of depth at far distances. However, mosigil§ —
of the studies did not explicitly measure perceived viewing ﬁ
distance, but asked for relative distance judgments instead
Recently, a few experiments have been conducted by Tit-

tle et al. [31] comparing aspects of depth judgment due to
stereoscopic and monocular motion perception. The eXperIFlg 8. From [31]: a schematic view of the cylinder stimulus used in Ex-
ments were designed to test how the orientations of ObJeCtﬁenment 1
in space and their absolute distances influence the percep-

tual judgment. It was found that the stereoscopic cue and

the motion cue give very different results.

. . . [—— st
The literature has presented a variety of explanations o M:::
and proposed a number of models explaining different as- I

pects of depth perception. Recently, great interest has arise

in attempts to explain the perception of visual space us- |

ing well-defined geometries, such as similarity, conformal, = 19

affine, or projective transformations mapping physical spacez 2

into perceived space, and it has been debated whether peg i1

ceptual space is Euclidean, hyperbolic, or elliptic [35]. Our I-u it

analysis shows that these models do not provide a gener(_

explanation for depth perception, and proposes that mucl= { 4

of the data can be explamed by the fact that the underly|nc< 8.8t - |

3D transformation is estimated incorrectly. Thus the trans- me P YT

formation between physical and perceptual space is mor: Viewing Distance (cm) Stant (degrees)

complicated than previously thought. For the case of motion

or stereo, it is rational and belongs to the family of CremonaFig. 9. From [31]: Average adjusted cylinder eccentricity for the stereo,

transformations [30]. motion, and combined conditions as a function of simulated viewing dis-
We next describe a number of experiments and sho tan(f:e and surface slant. An adjusted eccentricity of 1.0 indicates veridical

that their results can be explained on the basis of impreciseer ormance

estimation of the 3D transformation and thus can be pre-

dicted by the iso-distortion framework introduced here. Our

primary focus in Sect. 3.1 is on the experiments testing theation, and the cylindrical surfaces were composed of bright

difference between motion and stereo performed by Tittledots.

entric

Adjusted Eccentricity

et al. [31]. In addition, in Sect. 3.2 we describe two well- The effect of the slant and distance of the cylinder on
known stereoscopic experiments, and in Sect. 3.3 a motiothe subjective depth judgment was tested. In particular, the
experiment. cylinder had a slant in the rang€ @ 30°, with 0° corre-

sponding to a fronto-parallel cylinder as shown in Fig. 8,
and the distance ranged from 70 to 170 cm. Figure 9 dis-
plays the experimental results in the form of two graphs,
with the z-axis showing either the slant or distance and the
y-axis the adjusted eccentricity. An adjusted eccentricity of
1.0 corresponds to a veridical judgment, values less than this
In the first experiment [31] that we discuss, observers weréndicate an overestimate éfrelative toa, and values greater
required to adjust the eccentricity of a cylindrical surfacethan 1.0 indicate an underestimate. As can be seen from the
until its cross-section in depth appeared to be circular. Theraphs, whereas the perception of depth from motion does
observers could manipulate the cylindrical surface (showmot depend on the viewing distance under stereoscopic per-
in Fig. 8) by rescaling it along its depth extelt(which  ception, the exterii is overestimated for near distances and
was aligned with theZ-axis of the viewing geometry when underestimated for far distances. On the other hand, the slant
the cylinder was in a fronto-parallel orientation) with the of the surface has a significant influence on the perception of
workstation mouse. Such a task requires judgment of relativenotion — at O b is overestimated and at 3@inderestimated
distance. In order for the cross-section to appear circular, the and has hardly any influence on perception from stereo.
vertical extent and the extent in depth of the cylindeand  The results obtained from the combined stereo and motion
b, have to appear equal. displays showed an overall pattern similar to those of the
The experiments were performed for static binocularpurely stereoscopic experiments.
stereoscopic perception, for monocular motion, and for com-  For stereoscopic perception only, a very similar exper-
bined motion and stereopsis. The stereoscopic stimuli coniment, known as apparently circular cylinder (ACC) judg-
sisted of stereograms, and the monocular ones were creategent, was performed in [13, 18], and the same pattern of
by images of cylinders rotating about a vertical axis (seeresults was reported there.
Fig. 8). In all the experiments, the observers had to fixate In a second experiment performed by Tittle et al. [31],
on the front of the surface where it intersected the axis of rothe task was to adjust the angle between two connected

3.1 Distance judgment from motion and binocular
stereopsis
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Fig. 13. Apparent distance bisection task:Far fixation point;b correct
planes until they appeared to be perpendicular to one arflistance judgment at intermediate fixation pomtear fixation point
other (see Fig. 10).

Again, the surfaces were covered with dots, and the fixaye 1 the observer. Generally, the AFPP locus is skewed

ation point was at the intersection of the two planes andsomehat, that is, one side is farther away than the other.
the rotation axis. As in the first experiment, the influences |, anofher cla,ssic experiment, instead of instructing a
of the cue (stereo, motion, or combined motion and stereo)gpiact to set targets in an apparent fronto-parallel plane, the
the slant, and the viewing distance on the depth judgment j.qqts are asked to set one target at half of the perceived
were _evaluated. Th's task again requires a judgment Of_ rélagistance of another target, placed in the same direction. This
tive distance, that is, the depth exténtelative to the Verti- g ynown as the apparent distance bisection task or the ADB
cal extenta (as shown in Fig. 10). The results displayed in i, 112 In practice, the targets would interfere with each
Fig. 11 are qualitatively similar to those obtained from the i ar i they were in exactly the same direction, so they
first experiment. An adjusted angle greater than the standardye gisplaced a few degrees. The task and the results are
90° corresponds to an overestimation of the extent in depthy,strated in Fig. 13. These results were obtained with free

and one less than 90epresents underestimation. eye movements, but the author claimed that the effect has
also been replicated with fixation on one point.

3.2 Stereoscopic experiments: apparent fronto-parallel
plane/apparent distance bisection 3.3 Motion experiments

A classic test of depth perception for stereoscopic vision isn [15], Gogel tested the distance perceived under monoc-
the apparent fronto-parallel plane (AFPP) experiment [13ular motion when fixating on points at different distances.
29]. In this experiment, an observer views a horizontal arrayin one of his experiments, he relates motion to depth in a
of targets. One target is fixed, usually in the median planehighly original way. The resulting task can be performed
(Y Z plane). The other targets are fixed in direction but areon the basis of scaled depth. The experimental set-up is
variable in radial distance under control of the subject. Theshown in Fig. 14. The subjects sitting in the observation
subject sets these targets so that all of them appear to libooth moved their heads horizontally while fixating on a
in a fronto-parallel plane. Care is taken so that fixation ispoint on either a near or far object. Between the two fixa-
maintained at one point. The results are illustrated in Fig. 12tion points was a bright, moving point. Imagine the point to
The AFPP corresponds to a physical plane only at onébe moving vertically. If the distance to the point is estimated
distance, usually betwael m and 4 m [13]. At far distances, correctly, the observer experiences a vertical motion. If it is
the targets are set on a surface convex to the observer; astimated incorrectly, the point is perceived as moving diag-
near distances they are set on a surface increasingly comnally, with a horizontal component either in the direction of
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Fig. 14. A schematic drawing of the observation booth (from [15]). The
observation booth was 50 cm wide and extending optically 194 cm in front
of the observer (actually a mirror was used in the display as can be seen).
The near fixation object was 15.3 cm from the right edge of the visual alley
and 37 cm from the observer. The far fixation object was 2 cm from the IeftFig_ 15. Binocular viewing geometryLK = U dt (translation along the
edge of the alley and optically 168 cm from the observer. The moving dOtX-axis), KR = W dt (translation along theZ-axis), LFR = 3dt =
was between the two walls at a distance of 97.5 cm, and the observer C°“'90nvergence angle (resulting from rotation around Yhexis). L, K, R,
move horizontally left and right, in one movement, 17.5 cm. The floor and > 4re i the fixation plane andt is a hypothetical small time interval
the two sides of the booth were covered with white dots. All other surfacesduring which the motion bringind( ;. Y7, Z, to XrYrZr takes place
were black S

Table 1. Results in centimeters from the experiment shown in Fig.W¥4. . . . .
is the physical horizontal motion required for the point of light physically field. The translational and rotational velocities ared, IV')

moving with a vertical component to appear to move vertically, &rids and.(Q B, 0)_ reSF_)?CtiveWy ?-nd therefore the horizorfiadnd
the perceived distance of the point of light as derived using the measuremeMertical v disparities are given by
w

IZ
Fixation near  Fixation far h = V}’(z — o) —f3 < + f>
w D w D f
Mean 151 117 7.08 164 _ W Bxy
Geometric mean  — 112 7.04 164 v= zY - f
Median 242 113 713 165
SD 510 34 070 11 In the coordinate system thus defined (Fig. 1b)s negative

and zg is positive, and for a typical viewing situation very
large. Therefore, the epipole is far outside the image plane,
the head movement if there is an underestimation of depthwhich causes the disparity to be close to horizontal.
or in the opposite direction if there is an overestimation.
In the experiment, the subjects controlled the point’s move- . ) ) )
ment and were asked to move it in such a way that theyb) Motion In the experiments described in Sect. 3.1, the
the additional motion component perceived, subjects moved@XIsS In space. .
the point diagonally with a horizontal component in the op- ~ We fix a coordinate system to a poifit= (X, Y, Z;) on
posite direction. From the amount of horizontal movement,the object in theY"Z plane through which the rotation axis
the estimated depth could be reconstructed. The exact dRasses. At _the time of observation, it is parallel to the refer-
mensions of the set-up are described in Fig. 14. The resultgnce coordinate syster@ ('Y Z) on the eye of the observer
of the experiments are displayed in Table 1. As can be seertS€e Fig. 16). In the new coordinate system on the object,
overestimation of depth occurs with both fixation points, andthe motion is purely rotational and is given by the velocity

it is larger for the far fixation point than for the near one. (0, wy,0). If we express this motion in the reference system
as a motion of the observer, we obtain a rotation around

the Y-axis and an additional translation in tBéZ plane

tion used before, there is a rotation with velogity= —w,,
4.1 The viewing geometry and a translation with epipole¢, 0) = (— i;f , 0) or (o0, 0)

if X, =0. The valueu,, of the flow componentl,, along a

(a) Stereo The geometry of binocular projection for an ob- directionn = (.., n,) is given by

server fixating on an environmental point is illustrated in

Fig. 15. We fix a coordinate systend. XY 7) on the left _ X + Zs i f+ z?
eye with theZ-axis aligned with the optical axis and the n= Wy g\ X, f f Mt
yXs

axis perpendicular to the fixation plane. In this system, the
. . . . Ty
transformation relating the right eye to the left eye is a ro- +w, < + ) Ny
tation around thé& -axis and a translation in th& Z plane. Z f
If we make the small baseline assumption, we can approxiSinceX; is close to zerag, again takes on very large values.
mate the disparity measurements through a continuous flon our coordinate system (see Fig. 16)is positive, andcg
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Fig. 16. Viewing geometry for motion experiment described in Sect. 3.1
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is positive, since the circular cross-section is to the right of >
theY Z plane, and thus the locus of the fixation point mostP
probably is biased toward the cross-section. Fig. l_7a,b._ Holistic thir_d-order surf_aces for the geometric configurations
Although the motion in the stereo and motion config- described in the experiment Positive 3, b negativef.
urations is qualitatively similar, the psychophysical exper-
imental results show that the system’s perception of depth .
is not. This demonstrates that the two mechanisms of shap‘é‘2 Motion
perception from motion and stereo work differently. We ac-
count for this by the fact that the 2D disparity representationTo Visualize this and later explanations, let us look at the
used in stereo is of a different nature than the 2D velocitypossible distortions of space for the motion and stereo con-
representation computed for further motion processing. figurations considered here. Figure 17a gives a sketch of the
It is widely accepted that horizontal disparities are theholistic surfaces (third-order surfaces) for negative rotational
primary input in stereoscopic depth perception, althougherrors (), and Fig. 17b shows the surfaces for positive ro-
there have been many debates as to whether vertical digational errors. In both casesy is positive. A change of
parities play a role in the understanding of shape [19, 28]the error in translation leaves the structure qualitatively the
The fact is that for any human stereo configuration, eversame; it only affects the sizes of the surfaces. In the overall
with fixation at nearby points, the horizontal disparities arepattern, we observe a shift in the location of the intersec-
much larger than the vertical ones. Thus, for the purposdion of the holistic surface. Since the intersection is in the
of the forthcoming analysis, in the case of stereo we onlyD =1 plane given by the equatiafi = — ;% an increase
consider horizontal disparities, although a small amount ofin zo, causes the intersection to have a smaflecoordi-
vertical disparity would not influence the results. nate in Fig. 17a and a larger one in Fig. 17b. For both the
On the other hand, for a general motion situation themotion and the stereo experiments, the FOE lies far out-
actual 2D image displacements are in many directions. Duside the image plane. Therefore, only a small part of the
to computational considerations from local image measureillustrated iso-distortion space actually lies in the observer's
ments, only the component of flow perpendicular to edgedield of view. This part is centered around thgaxis, as
can be computed reliably. This is the so-called aperture probschematically illustrated in Fig. 17.
lem. In order to derive the optical flow, further process-  The guiding principle in our explanation of the motion
ing based on smoothing and optimization procedures has texperiments lies in the minimization of negative depth esti-
be performed, which implicitly requires some assumptionsmates. We do not assume any scene interpretation; the only
about the smoothness of the scene. For this reason, we expabing we know about the scene is that it lies in front of
the 2D image velocity measurements used by the system tthe image plane, and thus all depth estimates have to be
be distributed in many directions, although the optical flow positive. Therefore, we want to keep the number of image
in the experimental motion is mostly horizontal. points, whose corresponding scene points would yield neg-
Based on these assumptions about the velocity represetive depth values due to erroneous estimation of the 3D
tations used, in the next two sections the experimental dat&ransformation, as small as possible.
— first the data from motion perception, then the data from  To represent the negative depth values, we use a ge-
stereo perception — are explained through the iso-distortiommetric statistical model: The scene in view lies within a
framework. certain range of depths betweéfy,n and Zmax. The flow
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measurement vectors on the image are distributed in mangy
directions; we assume that they follow some distribution.
We are interested in the points in space for which we would
estimate negative depth values.

For every directionn, the points with negative depths
lie between theD = 0 and D = —oo distortion surfaces
within the range of depths covered by the scene. Thus, for
every gradient direction, we obtain a 3D subspace, covering
a certain volume. The sum of all volumes for all gradient
directions, normalized by the flow distribution considered

-
here, represents a measure of the likelihood of negative dept} \ X
estimates being derived from the image flow on the basis of [\\

some motion estimate. We call this sum thegative depth \,

volume

Let us assume there is some error in the estimate of the
rotation, .. We are interested in the translation errgy
that will minimize the negative depth volume. Under the
assumption that the distribution of flow directions is uni-
form (that is, the flow directions are uniformly distributed Fig. 18.cross-sections through negative iso-distortion surfaces and negative
in every direction and at every depth within the range be-holistic surfaces. The flow vectors yielding negative depth values have large
tween Znmin and Zmay), and that the simplified model is used slopes
(i.e., quadratic terms are ignored) and the computations are
performed in visual space, the minimum occurs when the in-

tersection of the iso-distortion cones is at the middle of the ~ The minimization of the negative depth volume and thus
depth range of the scene. That is, the= 1 plane is given the estimation of the motion is independent of the absolute
asZ = — %o = Zmin‘;Zmax1 andzo, = —B.f Zmin;Zmax 3]. depth of the scene. Therefore, a change in viewing distance
Of course, we do not know the exact flow distribution, Should not have any effect on the depth perceived by the
or the exact scene depth distribution, nor do we expect th@PServerwhich explains the first experimental observation
The explanation of the second result lies in a comparison

system to optimally solve a minimization problem. We do, £ th ) d ical and th i deoth
however, expect that the estimation of motion is such that th&' the estimated vertical extent, and the extent in depth,

negative depth volume is kept rather small and thusthat ) ) - )
and 3. are of opposite sign, and the = 1 plane is between Figures 19a—c illustrate the position of the circular cross-
the smallest and largest depth of the object observed. section in j[he dlstorthn space for the fronto-parallel position
In the following explanation we concentrate on the first Of the cylinder. Sectior: = (AC) lies at one depth and
experiment, which was concerned with the judgment abouthtersects the cross-section of_ the hol_lstlc surface as shown
the circular cylinder. in Fig. 19b. Sectiorh = (BC) lies within a depth mterval
We assume that the system underestimates the value &etween depth valuegp and Zc. The cross-sections of
o, because the observer is fixating at the rotation axis irfhe holistic surfaces are illustrated in Fig. 19c. To make
the image center while judging measurements to the righfluantitative statements about the distortionat any depth
of the center. As this does not correspond to a natural sitvalue, we assume that at any poitD is the average value
uation (fixation center and object of attention coinciding), Of @ll the iso-distortion surfaces passing throughWwith this
the observer should perceive the fixation center closer to th&nodel, we derive:'andb as follows:

object, resulting in an underestimation in the valuergf 4= Da )
Thus, zo, > 0 which impliesg. < 0, and the distortion
space of Fig. 17b becomes applicable. where D is the average distortion at the depth of section

The holistic surfaces corresponding to negative iso-dis-AC. The estimaté is derived as the difference of the depth
tortion surfaces in the field of view are very large in their estimate at point$3 andC. We denote by the difference
circular extent, and thus the flow vectors leading to negativepetween the average distortion factor of extenand the
depth estimates are of large slope, close to the vertical direadistortion at pointC, and we use: to describe the change
tion. Figure 18 shows a cross-section through the negativén the distortion factor from poin€’ to point B. Thus,
iso-distortion surfaces and the negative holistic surfaces for .

a valueZ in front of the D = 1 plane. b=Zc—Zp
The rotating cylinder constitutes the visible scene. Its = (D +6§)Zc — (D +6+€)(Zc — b)
vertical cross-section along the axis of rotation lies in the _— (D +8)b — e(Ze — b) )

space wherer is positive. The most frontal points of the
cross-section always lie in front of thB = 1 plane, and Z¢ is much larger tharb, and thus Zc — b) is always
as the slant of the cylinder increases, the part of the crosgpositive. Comparing (5) and (6), we see that for b the
section which lies in front of theD = 1 plane increases factor determining the relative perceived lengthaofnd b
as well. depends primarily o ande.
For the case of a fronto-parallel cylinder, where extent
appears behind thD = 1 plane,$ is positive (see Fig. 19b),
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Fig. 19. a—cPosition of fronto-parallel cylinder in iso-distortion spadef Position of slanted cylinder in iso-distortion space. The figure shows that extent
a appears behind th® = 1 plane inb, ¢ and in front of theD = 1 plane ine, f

e

ande is negative (see Fig. 19c), which means thatill be
perceived to be greater than

As the cylinder is slanted (see Figures 19d-f), the cir-
cular cross-section also becomes slanted. As a consequen
the cylinder covers a larger depth range, and extexgpears
closer to or even in front of thé® =1 plane (see Fig. 19e).
Points on sectiom have increasingX -coordinates a% in-
creases (see Fig. 19f). As the slant becomes large enéugh,%
reaches a negative valuereaches a positive value, ahds
perceived to be smaller than Therefore, the results for the
experiments involving the cylindrical surface for the case
of motion can be explained in terms of the iso-distortion Fig. 20. Perceived convergence angle as a function of convergence angle
diagrams withD that decreases or increases with

The second experiment, concerned with the judgment of
right angles, can be explained by the same principle. The4
estimate is again based on judgment of the vertical extent”
a relative to the extent in depth (see Fig. 10)Either we
encounter the situation where the signagfis positive, so

ngle(deg)

onvergencé
R
8
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T

10 15

5
Convergence Angle (deg)

Perceiv

3 Stereo

that a and b are measured mostly to the right of theZ
plane, and Fig. 17b explains the iso-distortion spacerg
is negative, so that andb are mostly to the left of th& Z

In the case of stereoscopic perception, the primary 2D im-
age input is horizontal disparity. Due to the far-off location
of the epipole, the negative part of the distortion space for

plane, and the iso-distortion space is obtained by reflectindporizontal vectors does not lie within the field of view, as

the space of Fig. 17b in th¥ Z plane. In both cases, the
explanation given for the first experiment still applies. Due

can be seen from Fig. 17.
Since depth estimation in stereo vision has long been

to the changes of position of the two planes in iso-distortionof concern to researchers in psychophysics, a large amount
space with a change in slant, the extent in depth will be overof experimental data has been published, and the parame-
estimated for the fronto-parallel position and underestimateders of the human viewing geometry are well documented.
for larger slants. In [13], Foley studied the relationship between viewing dis-
tance and error in the estimation of convergence angjia (
our notation). From experimental data, he obtained the re-
lationship between perceived convergence angle and actual
convergence angle shown in Fig. 20.
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According to his data, the convergence angle is overesti4.4 Explanation of purely stereoscopic and purely motion
mated at far distances and underestimated at near distancexperiments
Foley expressed the data through the following relationship:

~B=E+G(-p)
with E andG in the vicinity of Q5; in the figures displayed The iso-distortion patterns outlined in Sect. 4.3 also ex-
here, the following parameters based on data of Ogle [29P'ain the purely stereoscopic experiments. With regard to the
have been choser® = 0.91° and & = 0.66°. AFPP task, it can be readily verified that the iso-distortion di-
On the basis of these data, models have been proposéram of Fig. 21a (far fixation point) causes afrqnto—parallel
[12,13,29] that explain the perception of concavity and con-Plane to appear on a concave surface, and thus influences the
vexity for objects in a fronto-parallel plane. To account for OPServer to set them at a convex AFPP locus, whereas the
the skewing described in the AFPP task, an additional modefiiagram of Fig. 21c (near fixation point) influences the ob-
has been employed which assumes the ocular images are 8¢"ver to set them on a concave AFPP locus. In addition,
different sizes. the skewing of the AFPP loci is also predicted by the iso-

In our explanation, we use the experimental data ofdistortion framework. I
Fig. 20 to explaing.. As will be shown, the iso-distortion With regard to the ADB task, the iso-distortion patterns
framework alone allows us to explain all aspects of the ex-Predict that the target will be set at a distance closer than
perimental findings. For far fixation points, is positive ~ Nalf-way to the fixation point if the latter is far, and at a
(since 3 < 0) and the iso-distortion space of Fig. 17a ap- distance further than half-way to the fixation point if the
plies. If we also take into account the quadratic term in thelatter is near, which is in agreement with the results of the
horizontal disparity formula of Sect. 4.1(a) [that is, the rota-3S nh i iment of [15]. the 3D moti
tional partﬁe(”}2 + f)], we obtain an iso-distortion configura- n the motion experiment of [15], the 3D motion parame-

. . - i ters are as follows. When fixating on one of the two objects,
tion for horizontal vectors as shown in Fig. 21. In particular

' the z-axis passes through the fixation point, the translation

Fig. 21a shows the contours obtained by intersecting the iSos¢ the ghserver's head is along theaxis, the rotation of the
distortion surfaces with planes parallel to th& plane in

. . . observer’'s head (due to fixation) is around xis, and
visual space, and Fig. 21b shows the same contours in a ( ) e

¢he vertical motion component of the point is parallel to the
tual 3D space. Irrespective afy, the iso-distortion factor b b b

’ . . -axis. The scene in view is the observation booth covered
decreases with depti. The sign ofry_ determines whether \?jvith dots

the D = 1 contour (the intersection of th® = 1 surface When the observer fixates on the near paigt> 0. As
with thezZ plane) is in front of or behind the image plane, i, the experiments in Sect. 4.2, it is assumed that the value

and the exact position of the object with regard to ihe 1 of o is underestimated, that isy < o, and 3. < 0. The

contour determines whether the object's overall size is overieg1ing distortion space corresponds to the one sketched in
or underestlmr_:\ted_. . . . . Fig. 17b. The moving point appears to the left of HeZ
_ For near fixation pointsj. is negative, and the iS0- ,an6 and since the observer fixates on a point in the front
distortion space appears as in Fig. 17b. The correspond'lnEart of the scene, it should be behind the= 1 plane. The
iso-distortion contours derived by including the quadraticyq,y vectors originating from the movement of the point are
term are illustrated in Fig. 21c and d. in a diagonal direction. As can be seen, in the area of the
The perceived estimatesandb are modeled as before. mgyving point, the distortion for that direction is greater than
However, this time it is not necessary to refer to an averagq  and thus the distance of the point is overestimated. When
distortion D, since only one flow direction is considered. ihe observer fixates on the far pointy < O. If again the
Sectiona lies in theyZ plane, anda’is estimated a&D,  gpsolute value of, is underestimated;y > z and 5. > 0.
with D the distortion factor at poin€’. The estimate fob  The distortion space is the one we obtain by reflecting the
IS space of Fig. 17a in th& Z plane. In this reflected space,
b= Dp— (Zc —b) the moving point appears to the right of theZ plane, and
C . . L
since the observer fixates on a point in the back of the scene,
As can be seen from Fig. 21a andecis increasing if the it should be in front of theD = 1 plane. In this area, too, an
fixation point is distant and decreasing if the fixation point overestimation of distances occurs. This explains the general
is close, and we thus obtain the under- and overestimatiooverestimation found in [15].
of b as experimentally observed. A slanting of the object In order to assess the exact amount of overestimation,
has very little effect on the distortion pattern because theve would need to know a number of parameters exactly.
fixation point is not affected by it. As long as the slant The estimated motion, the exact position of the point in the
is not too large, causing to change sign, the qualitative distortion space, and the estimated flow directions determine
estimation of depth should not be affected by a change irthe distortion factor. Our intuitive argument is as follows. It
slant. The slant might, however, influence the amount ofcan be seen that the negative distortion space in Fig. 17b
over- and underestimation. There should be a decrease in thehind theD = 1 plane increases very quickly with the dis-
estimation error as the slant increases, since settimvers tance from the plane. It is therefore assumed that the moving
a smaller range of the distortion space. This can actually bgoint lies closer to thé = 1 plane for the near fixation than
observed from the experimental data in Fig. 9. for the far fixation, and thus the distortion should be smaller
The same explanation covers the second experiment rdor the near fixation than for the far one, as observed in the
lated to the judgment of angles. experiment.
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5 Conclusions about the distortion of visual space that takes place over an
extended field of view.

In contrast to the synthetic approaches in the literature,
The geometric structure of the visual space perceived by huwe have offered an analytic account of a nhumber of prop-
mans has been a subject of great interest in philosophy anerties of perceptual space. Our starting point was the fact
perceptual psychology for a long time [2, 23, 24, 29]. With that when we have multiple views of a scene (motion or
the advent of digital computers and the possibility of con-stereo), then the 3D rigid transformation relating the views,
structing anthropomorphic robotic devices that perceive theand functions of local image correspondence, determine the
world in a way similar to the way humans and animals per-perceived depth of the scene. However, even slight miscal-
ceive it, computational studies are beginning to be devoteaulations of the parameters of the 3D transformation result
to this problem [20]. in computing a distorted version of the actual physical space.

Many synthetic models have been proposed over thdn this paper, we studied geometric properties of the com-
years in an attempt to account for the systematic distorputed distorted space. We have concentrated on analyzing
tion between physical and perceptual space. These rangée distortions from first principles, through an understand-
from Euclidean geometry [14] to hyperbolic [24] and affine ing of iso-distortion loci, and introduced an analytic, geo-
[32, 35] geometry. Many other interesting approaches havenetric framework as a tool for modeling the distortion of
also been proposed, such as the Lie group theoretical studlepth.
ies of Hoffman [16] and the work of Koenderink and van It was found that, in general, the transformation between
Doorn [21], that are characterized by a deep geometric anaphysical and perceptual space (i.e., actual and computed
ysis concerned with the invariant quantities of the distortedspace) is a Cremona transformation; however, it turns out
perceptual space. It is generally believed in the biologicalthat this transformation can be approximated locally quite
sciences that a large number of shape representations acsely by an affine transformation in the inverse depth or
computed in our heads, and different cues are processed with hyperbolic transformation in the depth. This can be easily
different algorithms. For the case of motion and/or stereounderstood from the equations. For the case of stereo, where
there might exist more than one process performing locah, = 1, if we ignore the quadratic terms in the image coor-
analysis of motion or stereo disparity, that might work at dinates which are very small with regard to the linear and
several levels of resolution [25]. The analysis proposed hereonstant terms, we obtain from (3)
has concentrated on a global examination of motion or dis-
parity fields to explain a number of psychological results



5 _ xr — ,IAO 9
Z=7- or
x—x0— P fZ
1 roro _ﬂef
Z - Zac_f0 (7) 10.

If we considerz to be locally constant, (7) describe
locally as a hyperbolic function of or 1/Z as an affine
function of 1/Z7.

Thus, our model is in accordance with some of the mo
els previously employed in the psychophysical literature. For

all practical purposes, the locally described approximationsg s,

are so close to the real Cremona transformation that they
cannot possibly be distinguished from experimental data.

Finally, in the light of the misperceptions arising from
stereopsis and motion, the question of how much informa-

tion we should expect from these modules must be raised;q

The iso-distortion framework can be used as an avenue for

discovering other properties of perceived space. Such propt7.
erties may lead to new representations of space that catB.

be examined through further psychophysical studies. We are
interested ultimately in the invariances of the perceived dis-

torted space, since these invariances will reveal the naturg,

of the representations of shape that flexible vision systems,
biological or artificial, extract from images.
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