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Abstract. This study investigates the problem of estimating camera calibration parameters from image motion
fields induced by a rigidly moving camera with unknown parameters, where the image formation is modeled with
a linear pinhole-camera model. The equations obtained show the flow to be separated into a component due to the
translation and the calibration parameters and a component due to the rotation and the calibration parameters. A set
of parameters encoding the latter component is linearly related to the flow, and from these parameters the calibration
can be determined.

However, as for discrete motion, in general it is not possible to decouple image measurements obtained from only
two frames into translational and rotational components. Geometrically, the ambiguity takes the form of a part of
the rotational component being parallel to the translational component, and thus the scene can be reconstructed only
up to a projective transformation. In general, for full calibration at least four successive image frames are necessary,
with the 3D rotation changing between the measurements.

The geometric analysis gives rise to a direct self-calibration method that avoids computation of optical flow
or point correspondences and uses only normal flow measurements. New constraints on the smoothness of the
surfaces in view are formulated to relate structure and motion directly to image derivatives, and on the basis of these
constraints the transformation of the viewing geometry between consecutive images is estimated. The calibration
parameters are then estimated from the rotational components of several flow fields. As the proposed technique
neither requires a special set up nor needs exact correspondence it is potentially useful for the calibration of active
vision systems which have to acquire knowledge about their intrinsic parameters while they perform other tasks, or
as a tool for analyzing image sequences in large video databases.

Keywords: camera self-calibration, motion estimation, normal flow, depth distortion, minimization of depth
variability

1. Introduction

Camera self-calibration, the process of estimating the
intrinsic camera parameters without requiring special
calibration objects in the scene, has attracted a lot
of attention in recent years. Solutions to this prob-

lem will contribute to software systems processing
previously acquired video data, but, more important
from a perceptual point of view, will advance the
field of active vision. If active vision systems are con-
structed that are able to move about and continuously
change their parameters, they must also be able to
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estimate these parameters while they interact with their
environments.

The problem of computing the intrinsic parameters
of the camera initially appeared to be very difficult. In
order to facilitate it and reduce its complexity, known
objects in the scene have usually been employed (Lenz
and Tsai, 1988; Tsai, 1986).

Recently, with the introduction of projective geome-
try as a tool in Computer Vision, researchers achieved a
projective reconstruction of the scene (that is, a recon-
struction up to an unknown projective transformation)
without explicitly computing the intrinsic calibration
parameters, which are encoded in the projective trans-
formation. This made it clear that self-calibration is
just another aspect of the general structure from mo-
tion problem. A series of efforts then started to ad-
dress the self-calibration problem as a structure from
motion problem, that is as the recovery of Euclidean
structure, motion parameters and calibration parame-
ters. Naturally, this work followed the traditional style
of structure from motion, approaching it in two com-
putational stages. In a first step, the correspondence of
points in successive image frames is established; in a
second step, this is used to recover the intrinsic param-
eters and the motion parameters, and subsequently the
structure of the scene (Armstrong et al., 1996; Dron,
1993; Faugeras et al., 1992; Hartley, 1994a, 1994b;
Maybank and Faugeras, 1992; Pollefeys et al., 1996;
Viéville and Faugeras, 1996).

Assuming the camera motion to be discrete, this
problem is quite difficult. In Faugeras et al. (1992) and
Maybank and Faugeras (1992), the epipolar geome-
try between pairs of views is computed and projective
geometry techniques are used to obtain a set of con-
straints leading to high-degree polynomial equations.
The method developed in Hartley (1994a) computes
the parameters of interest in steps using non-iterative
and iterative estimation techniques. First a projective
reconstruction is derived from which the Euclidean
structure and the extrinsic and intrinsic camera pa-
rameters are computed by utilizing the constraint of
positive depth. Trilinear constraints (Spetsakis and
Aloimonos, 1990) are used to provide additional in-
formation in Armstrong et al. (1996), but the camera
motion is limited to be planar. Several other methods
that have appeared either assume known motions of
the camera (Dron, 1993), limit the camera motion to
rotation (Hartley, 1994b), or make other simplifying
assumptions.

In the classical structure from motion literature we
also encounter approaches modeling the motion as
continuous and using as input optical flow (Barron
et al., 1994; Black, 1994; Anandan, 1989; Nagel,
1995; Nagel and Haag, 1998). The only study con-
cerned with reconstruction from flow fields due to
uncalibrated camera motion is Viéville and Faugeras
(1996), whose projective reconstruction is extended to
the differential framework, utilizing the instantaneous
form of the epipolar constraint. The paper studies a
number of issues, including the question of what can
be computed. It provides a comparison between pro-
jective reconstruction in the discrete and continuous
cases and also describes an algorithm for image sta-
bilization. In this study, however, the problem of es-
timating the calibration parameters is not considered;
the authors consider a very general model which al-
lows for changes of calibration parameters between the
frames.

It is well known that the computation of correspon-
dence as well as optical flow is an ill-posed problem.
For certain image situations rather good approxima-
tions can be obtained at the cost of expensive com-
putations using sophisticated optimization techniques,
but in the general case correspondence cannot be ob-
tained without errors. As a remedy to this problem, a
number of studies have recently been conducted ad-
dressing the motion recovery problem in a direct way,
that is by employing as input to the recovery process
only normal flow measurements—the components of
flow measurements along gradients (Fermüller, 1993;
Fermüller and Aloimonos, 1995; Horn and Weldon,
1988; Negahdaripour and Horn, 1987; Bergen et al.,
1992). In this spirit this paper addresses the gen-
eral problem of self-calibration and presents a self-
calibration procedure using normal flow as input.

We use a linear pin-hole camera model—that is, we
consider the coordinates of the imaging center, the
spacing of pixels along the axes of the image grid,
and the skewing which denotes the angle between the
grid axes—and we assume that the calibration param-
eters remain constant over several image frames. The
proposed method does not use known calibration ob-
jects nor does it require the scene to have any par-
ticular features, and it can therefore be applied to
any image sequence and to unrestricted camera mo-
tion. This gives it the potential to be used for fast au-
tomatic calibration while the system performs other
tasks.
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1.1. Organization of the Paper

This paper is devoted both to a theoretical study of
image motion fields arising from uncalibrated rigid
camera motion and to practical aspects of the problem,
proposing and implementing specific self-calibration
techniques on the basis of normal flow only.

Continuous motion fields in the uncalibrated case
consist of two components. The first component de-
pends on the translation and calibration parameters, but
in a way that does not allow recovery of the calibration
parameters. The second component depends on the ro-
tation and calibration parameters; it is on the basis of
this component that self-calibration can be achieved. In
the remainder of the paper we refer to the two compo-
nents as the translational and the rotational components
of the motion field.

Section 2 defines the camera model used, derives
the equations describing a motion field induced by a
rigidly moving uncalibrated camera and discusses the
ambiguities inherent in single flow fields.

Section 3 studies the problem of self-calibration for
a rotating camera, and Section 4 examines the prob-
lem for a camera undergoing a general motion. Both
sections first show how relevant information can be
estimated from image measurements and then present
self-calibration algorithms that combine information
from several flow fields.

Experiments using both artificial and real image
sequences are carried out in Section 5 and the paper
is summarized in Section 6.

2. Preliminaries

In this section we develop the preliminary equations
and we study basic properties of uncalibrated rigid
motion fields.

2.1. Uncalibrated Rigid Motion Fields

We use a traditional camera model—the image is
formed by perspective projection on a planar imag-
ing surface that is perpendicular to the optical axis. We
choose a Cartesian coordinate system O XY Z , where
O is the projection center, the Z axis is identical to the
optical axis, and the X axis is parallel to the horizontal
axis in the image coordinate system.

It is convenient to represent image points as three-
dimensional vectors r = [x, y, f ]T, where x and y are
the image coordinates of the point and f is a positive

constant. A suitable choice of f can dramatically im-
prove the numerical stability of the problem (Hartley,
1997).

The mapping between a scene point R and the cor-
responding image point r can be concisely written as
(Faugeras et al., 1992)

r = KR
R · ẑ

(1)

where

K =




fx s �x

0 fy �y

0 0 f


 (2)

is a matrix describing the intrinsic parameters of the
camera. Here �x and �y are the image coordinates of
the optical center, fx and fy are the focal lengths along
the image axes (representing combined effects of the
camera focal length, aspect ratio, and skewing angle),
s is the skewing parameter, and ẑ is the unit vector in
the direction of the Z axis.

Let the camera move in a static environment with
instantaneous translation t and instantaneous rotation
ω (measured in the coordinate system O XY Z ). Then
a scene point R moves with velocity (relative to the
camera)

Ṙ = −t − ω × R = −t − [ω]×R (3)

where [ω]× is a skew-symmetric matrix corresponding
to the cross product with vector ω = [α, β, γ ]T:

[ω]× =




0 −γ β

γ 0 −α

−β α 0


 (4)

As we assume K to be fixed, differentiation of (1)
yields

ṙ = KṘ
R · ẑ

− (Ṙ · ẑ)KR
(R · ẑ)2

(5)

Substituting (3) into (5) and writing R as (R · ẑ)(K−1r),
we obtain

ṙ = 1

R · ẑ
((t · ẑ)r − Kt) + (([ω]×K−1r) · ẑ)

× r − K[ω]×K−1r (6)
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To further simplify the equation, we take advantage
of the special form of matrix K. A simple calculation
shows that for any vector v,

(Kv) · ẑ = vTKTẑ = vT( f ẑ) = f (v · ẑ)

Then we have

ṙ = − 1

f (R · ẑ)
(ẑ × (Kt × r))

+ 1

f
(ẑ × (r × (K[ω]×K−1r))) (7)

Note that even though (7) contains f , the flow ṙ is
independent of f , as can be easily seen by expanding
the expressions.

A calibrated camera (with focal length f ) can be
described as a special case of an uncalibrated camera,
in which case K = f I, where I is the identity ma-
trix. Equation (7) then becomes the usual (Horn and
Weldon, 1988)

ṙc = − 1

(R · ẑ)
(ẑ × (t × r)) + 1

f
ẑ × (r × (ω× r)) (8)

As can be seen by comparing Eqs. (7) and (8), the
first component of ṙ is the same as the translational
flow generated by a calibrated camera moving with
translational velocity Kt/ f . We thus call Kt (or more
precisely Kt/(t · ẑ), the projection of t onto the image
plane) the apparent focus of expansion/contraction and
denote it by t̃. The second part of ṙ depends linearly on
the rotational velocity and non-linearly on the intrin-
sic parameters of the camera. To hide the non-linear
dependence of ṙ on K we introduce the matrix

A = K[ω]×K−1 (9)

and we call the two parts of (7) the translational and
rotational components of flow. As an uncalibrated rigid
motion is completely described by its apparent transla-
tion t̃ and the matrix A of (9), we will denote the motion
by (t̃, A).

Substituting t̃ and A into (7) we obtain the uncal-
ibrated motion field as a simple generalization of the
calibrated field in the form

ṙ = − 1

f Z
(ẑ × (t̃ × r)) + 1

f
ẑ × (r × (Ar))

= 1

Z
utr(t̃) + urot(A) (10)

where Z denotes the scene depth (R · ẑ).

In the next subsections we discuss what informa-
tion can in theory be extracted from uncalibrated mo-
tion fields and present a useful parameterization of the
quantities that can be estimated.

2.2. What can be Estimated?

Our primary interest in this paper is the recovery of the
intrinsic camera parameters contained in matrix K in
Eq. (7). As can be seen from the above equations, the
translational component of flow, as it is determined
by vector Kt, does not allow for the extraction of
the calibration parameters. (A change in matrix K can
be compensated—since K is not singular—by a change
in t, keeping the translational field unchanged.) We
therefore perform self-calibration on the basis of the
rotational component of flow, as is usually the case in
the discrete case.

There are two cases to consider. If the translational
flow is negligible, the image flow measurements as well
as normal flow measurements are linearly related to
the elements of matrix A with no additional unknowns
present in the equations. This is described in detail in
Section 3.

The other case of general camera motion has
been studied extensively for discrete camera motions
(Faugeras, 1992). This body of work has been extended
to the continuous motion case in Viéville and Faugeras
(1996), where it was shown what quantities can still
be observed and image flow equations identical to (7)
were obtained.

In the discrete case, the geometric relationship
between two cameras is described by the fundamental
matrix (Faugeras, 1992) with 7 degrees of freedom. The
direction of translation requires two degrees of free-
dom and the remaining five parameters provide con-
straints on the camera rotation as well as the intrinsic
calibration parameters.

The situation is identical in the continuous case
(Viéville and Faugeras, 1996). What can be estimated
from a general uncalibrated motion field is the direc-
tion of the apparent translation Kt, which amounts to
two parameters, plus five parameters from the rota-
tional component of the flow, encoded in a symmetric
3 × 3 matrix satisfying one constraint. The remaining
component of the rotational flow cannot be disentan-
gled from the translation as it takes the same form as a
translational flow field of a planar scene.

From only two frames, both in the discrete and in
the continuous case, the structure of the scene can
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be recovered up to a projective transformation. The
projective ambiguity takes a special form when the
intrinsic parameters are fixed, as shown in Hartley
(1994a) for the discrete and in Viéville and Faugeras
(1996) for the continuous case. If we denote as R0

in homogeneous coordinates a scene point recovered
assuming a standard camera, the same point, R, under
any other reconstruction is related to R0 through

R =
(

K−1 0
−h∞ 1

)
R0 (11)

The unknown elements of the transformation are vector
h∞, determining the position of the plane at infinity and
K, the intrinsic calibration matrix.

2.3. Decomposition of A

Matrix A in (9) cannot be arbitrary, since it is similar to
a skew-symmetric matrix [ω]×. The two matrices have
the same eigenvalues, namely, 0 and ± i‖ω‖; thus for
any A representing uncalibrated rigid motion, we have

det A = 0
trace A = 0

(12)

As a 3 × 3 matrix satisfying two constraints, the matrix
depends on seven independent parameters. The con-
ditions (12) are necessary, but not sufficient, because
even though almost any matrix satisfying (12) can be
decomposed into K and [ω]×, the matrices obtained do
not have to be real. In such a case matrix A does not
represent a real camera.

Consider the projections of flow (10) onto the direc-
tions perpendicular to the translational component of
flow, since such projections are independent of scene
depth (Heeger and Jepson, 1992). The perpendicular
directions are along vectors vcp = ẑ× (ẑ× (t̃× r)). We
obtain

ṙ · vcp

‖vcp‖ = 1

‖vcp‖
1

2
rTS(A, t̃)r (13)

where

S(A, t̃) = AT[t̃]× − [t̃]×A (14)

It is known from Viéville and Faugeras (1996)
that one flow field allows only for the recovery of
the direction of t̃ together with matrix S(A, t̃). It is
useful to explicitly decompose matrix A into the part

that can be estimated from S(A, t̃) and the part that
cannot. In Appendix A, we analyze in detail what can
be obtained and the results are summarized in the
following observation.

Observation. For any given ŝ (representing a candi-
date direction of translation), matrix A can be split
into two parts A = Ac(ŝ) + At(ŝ) with the following
properties:

• Matrix Ac(ŝ) is the sub-matrix which can be
estimated when the direction of apparent transla-
tion is ŝ. It depends on five independent parame-
ters and encodes the same information as S(A, ŝ).
We define a simple linear function fc such that
Ac(ŝ) = fc(S(A, ŝ)).

• Matrix At(ŝ) is the sub-matrix which cannot be
estimated. It can be expressed in the form At(ŝ) =
ŝwT + w0 I with w a vector and w0 a number. The
flow induced by matrix At(ŝ) is (w · r)utr(ŝ), i.e., it
is exactly the same as a translational field with ap-
parent FOE ŝ for a planar scene whose 3D points are
defined by equation (KR) · w = 1.

To simplify the notation, we usually write only Ac

and At instead of Ac(ŝ) and At(ŝ).
To summarize the observation:

A = Ac + At = Ac + f t̃wT + w0 I (15)

To make the reference in later sections easier we
use the notation of Fermüller and Aloimonos (1995)
and call the vector components perpendicular to trans-
lational flow components the copoint projections, and
we refer to the matrix Ac as the copoint matrix of A,
or, if no confusion can occur, just the copoint matrix,
because it can be estimated from the copoint projec-
tions. While Ac depends on five parameters and At on
four parameters, the two matrices together satisfy con-
ditions (12), so there are indeed only seven independent
parameters.

2.4. Estimation of Depth

Consider the projection of vector Eq. (10) onto normal
flow direction n.1 Assuming candidate motion (t̂, Â),
inverse scene depth can be estimated as

1

Ẑ
= ṙ · n − urot(Â) · n

utr(t̂) · n
(16)
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Substituting (15) into (16), the depth estimate
simplifies into

1

Ẑ
= ṙ · n − urot(Âc) · n

utr(t̂) · n
− w · r (17)

Since t̂ and Âc can be estimated from uncalibrated
flow fields, the only unknown in the equation above
is w in the linear term w · r. Therefore the projec-
tive ambiguity (11) manifest itself as a linear function
of the image coordinates added to the estimated in-
verse depth. While this property was also mentioned
in Viéville and Faugeras (1996), it was not used. We
utilize the property during the motion estimation stage.

3. Self-Calibration from Rotational Motion

In the previous section, we have shown that in the
general case, only a certain part of matrix A, the copoint
matrix Ac, can theoretically be estimated from a single
flow field. If, however, the camera does not translate (or
the translational flow is negligible) the whole matrix A
can be computed and the problem of self-calibration
becomes much easier.

As a consequence, in the rest of the paper we deal
with two separate cases: the easier case of a non-
translating camera in this section and, in Section 4,
the more difficult case of a camera that both translates
and rotates.

In both cases, we avoid the difficulties of optical flow
estimation and use only normal flow (the projection of
optical flow on the direction of the image brightness
gradient). We describe how to compute either matrix
A (for purely rotational motion) or the copoint matrix
Ac (for general motion) from image measurements and
show how to perform self-calibration.

3.1. Direct Estimation of A

If the translational flow is very small (because the depth
of the scene is large, or because the translational veloc-
ity is small), we can compute matrix A directly from
normal flow using a least squares procedure.

Matrix A should satisfy the two conditions (12). The
latter one is easily satisfied by setting a33 = −a11 −a22

and estimating only the eight remaining elements of A.
The singularity constraint is discussed below.

Expanding the rotational part urot(A) · n of the nor-
mal flow at point r = [x, y, f ]T, where n = [cos ψ,

sin ψ, 0]T, we obtain

pT
i a = un (18)

where a = [a11, a12, a13, a21, a22, a23, a31, a32]T is the
vector of the unknown elements of A, un is the normal
flow measurement, and pi is the vector of coefficients

pi = [−2x cos ψ − y sin ψ, −y cos ψ, − f cos ψ,

−x sin ψ, −x cos ψ −2y sin ψ, − f sin ψ,

x(x cos ψ + y sin ψ)/ f, y(x cos ψ

+ y sin ψ)/ f ]T (19)

Given N measurements, we combine the vectors pi

into an N × 8 matrix P, the values un into an N × 1
vector u, and solve the over-determined system Pa = u
using least squares.

It is more difficult to enforce the singularity of A.
The same problem is encountered in stereo calibration;
the fundamental matrix used to describe the relative
orientation of two cameras is also singular. Tradition-
ally, the matrix is first computed using least squares
and then singular value decomposition (SVD) is used
to enforce the singularity of the matrix.

We use the same method to make A singular, i.e.,
compute the SVD of A and set the smallest singular
value to zero. The resulting matrix is the singular matrix
closest to the estimated A, but its trace can be non-
zero. We could use an iterative procedure to satisfy
both conditions (12), but it should not be necessary.
The SVD usually gives us a singular matrix with small
trace. Since the matrix is then used to compute the
calibration parameters (Section 3.2), it is preferable to
use matrix A1 with small, but nonzero, trace instead of
matrix A2, which exactly satisfies both conditions (12),
but is not as compatible with the data as A1, due to the
iterative changes.

3.2. Obtaining the Calibration Parameters

In this section we present methods that combine infor-
mation obtained from several image frames and extract
the constant intrinsic parameters of the camera. First
we consider the minimum number of flow fields that
are necessary to obtain complete calibration, i.e., all
five calibration parameters. Of course, the theoretical
minimum is sufficient only if the motion of the cam-
era changes between frames, because identical motions
provide identical, and thus redundant, equations.
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For a non-translating camera, the matrix A with nine
elements satisfies the two conditions (12) and also en-
codes three rotational parameters. Therefore at most
four independent constraints for the calibration param-
eters can be obtained and at least two flow fields are
needed for complete calibration.

For a camera undergoing a general motion, the seven
independent parameters include two for the direction
of translation and three parameters for the rotation, thus
providing only two constraints for the calibration pa-
rameters. Consequently, at least three flow fields are
necessary for complete calibration in the general case.

Note that for discrete camera motion where the
estimation is based on point correspondences, three im-
ages (which would correspond to two flow fields) are
sufficient to estimate complete calibration. The reason
is that there are three fundamental matrices between
pairs of views which, even though not completely inde-
pendent due to the trilinear constraints, provide enough
information to recover complete calibration. This in-
formation, however, cannot be reliably obtained in the
continuous case.

3.2.1. Purely Rotational Motion: Linear Solution.
The calibration parameters are related to the observed
image flow through matrix A = K[ω]×K−1. Having
several matrices Ai estimated from rotational flow
fields, we may use a method analogous to that of
Hartley (1994b) to compute K from A.

Since K−1AK should be a skew-symmetric matrix
[ω]×, the following2 must hold for matrix K:

K−1AK + KTATK−T = 0 (20)

Equation (20) multiplied by K and KT leads to a
simplified condition

AKKT + KKTAT = 0 (21)

Denoting C = KKT, we obtain a set of linear equa-
tions for the elements of the symmetric matrix C

AC + CAT = 0 (22)

It is well known that camera calibration is closely re-
lated to the absolute conic (Maybank and Faugeras,
1992; Faugeras et al., 1992) and its projection in the
image plane. Equation rTC−1r = 0 defines the image
of the absolute conic, so (22) in fact relates matrix A
with the image of the absolute conic.

Equation (22) also provides a very simple way for
combining results from multiple frames. Consider an
image sequence with N frames and let Ai be the com-
puted matrix for motion between frames i and i + 1.
Assuming that the calibration parameters are constant,
the matrices Ai depend on the constant calibration ma-
trix K and, in general, different matrices [ωi ]×. Then
we can combine the Eq. (22) for all the matrices Ai and
obtain C from a least squares procedure.

In matrix notation, we could minimize

∑
i

∥∥Ai C + CAT
i

∥∥2
(23)

using the Frobenius matrix norm.
The solution of (23) is easy to obtain, but severely

biased in the presence of noise. Matrix C = KKT is
most often diagonally dominant, because the focal
length parameters fx , fy are much larger than the
other parameters. Clearly, criterion (23) will be smaller
when C is smaller and consequently the calibration
parameters, especially fx , fy , are underestimated.

Obviously, we need to rescale the criterion. As one
element of C is a known constant f 2, we can con-
strain C to have norm 1, find the minimum and then
rescale the solution appropriately. The criterion we
minimize is thus

E1 =
∑

i

∥∥Ai C + CAT
i

∥∥2

‖C‖2
(24)

To demonstrate that the scaling in (24) is impor-
tant, we show the estimated focal length fx obtained in
Experiment 1 (from Section 5) using the unscaled lin-
ear criterion in Fig. 1(a) and compare it with the results
obtained from the scaled criterion in Fig. 1(b).

The minimum can be found by standard linear
algebra algorithms. Let the elements of C be ci j , where
ci j = c ji . Then

‖C‖2 = c2
11 + c2

22 + c2
33 + 2c2

12 + 2c2
13 + 2c2

23

We arrange the elements of C into a vector

c = [c11, c22, c33,
√

2 c12,
√

2 c13,
√

2 c23]T

so that ‖c‖2 = ‖C‖2.
The elements of matrix Ai C+CAT

i can be written as
linear combinations (with coefficients defined by Ai )
of the elements of vector c. Consequently, there ex-
ists a symmetric matrix Mi (the derivation is long, but
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Figure 1. Comparison of (a) unscaled and (b) scaled linear self-calibration methods. Clearly, the scaled method performs better. For detailed
description of the graphs see Section 5.

straightforward) such that

∥∥Ai C + CAT
i

∥∥2 = cT Mi c

System (24) can thus be rewritten as

E1 = cT
(∑

i Mi
)

c

‖c‖2

Vector c minimizing the criterion is the unit eigen-
vector corresponding to the smallest eigenvalue of
matrix

∑
i Mi . Therefore we call this method the

eigenvector method in the sequel.
Each Ai provides six equations (due to symmetry),

but only four of the equations are independent. A
unique upper triangular K is easily obtained from C
by Cholesky decomposition (Strang, 1988). However,
since square roots are taken during the decomposition,
the computed K may be complex. Such a solution does
not represent a real camera and has to be discarded.

3.2.2. Purely Rotational Motion: Non-Linear Solu-
tion. The method in the previous section has several
potential drawbacks. It is difficult to enforce additional
constraints on K, such as the skewing parameters s be-
ing zero, since even simple constraints transform into
more complicated conditions for the matrix C = KKT.
Also, we may not obtain a real solution when the re-
covered matrix C is not positive definite.

As an alternative, we can minimize the deviations
from (20) directly. For matrix Ai and candidate solution
K̂, denote the residual matrix by Ei :

Ei = K̂−1Ai K̂ + K̂TAT
i K̂−T

The error function for a single matrix Ai is then

trace (Ei Ei ) = 2 trace (Ai Ai )

+ 2 trace
(
Ai K̂K̂TAT

i (K̂K̂T)−1
)

(25)

The error function we minimize is simply the sum
of the partial errors (25)

E2(K̂) =
∑

i

trace (Ei Ei ) (26)

Note that (26) does not depend on the scale of K̂.
This is not a problem, as one element of K is a known
constant f .

The price we have to pay is that the equations are no
longer linear and iterative Levenberg-Marquardt mini-
mization is therefore used. Closed form expressions for
the partial derivatives of E2(K̂) with respect to the ele-
ments of K̂ can be computed by matrix differentiation.
Denoting X = K̂−1AK̂, we obtain

∂E2

∂K̂
= 4K̂−T(XTX − XXT)

The linear method may be used to provide a starting
solution for the iteration. Our experiments show that
the error function is quite well behaved.

Figure 2 shows two density plots of E2(K̂) for the
data obtained in Experiment 5 (see Section 5). We
show two different 2-dimensional subspaces of the 5-
dimensional solution space ( fx − fy space and fx −�x

space), both passing through the true solution. In the
first plot, there is a valley (in the fx , fy space) around
the true solution. The valley corresponds to cameras
with approximately correct aspect ratio and provides
an illustration of the fact that has been confirmed by
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Figure 2. Subspaces of E2(K̂) obtained in Experiment 5. The grey-
level denotes the value of E2(K̂) with black representing the smallest
value. (a) The fx − fy subspace. (b) The fx − �x subspace.

most of the experiments: among all the calibration pa-
rameters, the aspect ratio fx/ fy can be estimated the
most robustly.

We have mentioned above that it is simple to enforce
additional constraints, such as s = 0. Consider a mo-
tion sequence with very small change in camera motion
between successive frames. Then all the matrices Ai

contain essentially the same data and describe a certain
seven-dimensional subspace in the eight dimensional
space of rotational and calibration parameters. While in
theory the remaining degree of freedom can be obtained
even if the motion changes slowly, in practice the infor-
mation will be unreliable. In such cases one might pre-
fer to impose the additional assumption s = 0, which
is approximately true for most cameras, in order to
estimate the remaining four intrinsic parameters more
robustly.

4. Self-Calibration from General Camera Motion

The classic approach to the problem of structure from
motion entails a clear separation between structure and
motion estimation and between 2D and 3D informa-
tion. Usually, first 2D-based smoothing constraints are
employed to obtain from the image measurements (that
is, the image derivatives) the optical flow field; then
this information is used to estimate 3D motion and,
subsequently, structure.

Here we take a different approach. We formulate
constraints on the smoothness of the 3D surfaces and
the rigid motion and relate these constraints directly
to the image derivatives. This way the processes of
smoothing, 3D motion and structure estimation are ad-
dressed synergistically and all the information inherent
in image derivatives is used for 3D interpretation.

The underlying idea is based on the interaction
between 3D motion and scene structure (Cheong et al.,

1998). If we have an incorrect 3D motion estimate and
we use it to estimate depth, we obtain a distorted ver-
sion of the depth function. Not only do incorrect es-
timates of motion parameters lead to incorrect depth
estimates, but the distortion is such that the worse the
motion estimate, the more likely we are to obtain depth
estimates that locally vary much more than the correct
ones. The goal, thus, is to find the 3D motion which
yields the least varying estimated depth. In practice
this is implemented through a search for the 3D motion
which minimizes a measure of depth variation within
image patches.

The basic approach of the algorithm is quite simple.
For a given candidate translation, we perform the fol-
lowing steps: estimate the rotation and then evaluate
a measure of depth variation. A search in the space
of translations for a minimum of the depth variability
measure then yields the best 3D motion.

4.1. Distortions of Depth Estimates

The distortion of visual space due to incorrect motion
estimates leads to a very important observation. The
estimated and the true scene depth are related by a
distortion factor D:

Ẑ = Z · D

with

D = utr(t̂) · n
(utr(t) − Zurot(δAc)) · n

,

where δAc = Ac − Âc. When the motion estimates are
correct, the distortion factor simplifies into

D = ‖t̂‖
‖t‖

that is, a constant function expressing the overall scale
ambiguity, since only the direction of translation can
be recovered.

For incorrect motion estimates, the distortion factor
for any direction n corresponds to the ratio of the pro-
jections of the two vectors utr(t̂) and utr(t)− Zurot(δAc)
on n. The larger the angle between these two vectors is
the more the distortion will be spread out over the dif-
ferent directions. Thus, for a smooth surface patch in
space, assuming that normal flow measurements are
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available along many directions, a rugged (i.e., un-
smooth) surface will be computed on the basis of wrong
3D motion estimates.

This observation constitutes the main idea behind
our algorithm. For a candidate 3D motion estimate we
evaluate the variation of estimated depth within image
patches. In contrast to traditional methods that utilize
optical flow, all computations are based on normal flow
and we thus have available the full statistics of the raw
data, providing better weights.

4.2. The Criterion

Consider a small image region R that contains a set of
measurements ṙi with directions ni . Given candidate
motion parameters, we can estimate the inverse depth
from (16) up to the overall scale ambiguity. To treat
different patches equally, we normalize the estimated
translation utr(t̂) to be a unit vector in the middle of the
region.

One possible measure of depth variation is the vari-
ance of the depth values, or, rather, the sum of squared
differences of the depth values from a mean 1/Z̄

∑
i

(
ṙi · ni − urot(Âc) · ni

utr(t̂) · ni
− 1

Z̄

)2

(27)

Approaches that directly evaluate variations of
estimated depth (or inverse depth) include (Horn and
Weldon, 1988; Brodský et al., 1998). However, depth
estimates may present a numerical problem, since for
many measurements the depth estimate is unreliable
(due to division by a small utr · n). Thus we can either
ignore many measurements where the depth estimate
is unreliable, making comparisons between different
translations difficult, or, alternatively, we have to deal
with numerical instabilities. We choose a third possibil-
ity, defining a whole family of depth variation measures
that includes the variance of estimated depth as well as
many other measures.

In region R we compute

�0(t̂, Âc,R) =
∑

i

Wi (ṙi · ni − urot(Âc) · ni

− (1/Ẑ )(utr(t̂) · ni ))
2 (28)

where 1/Ẑ is the depth estimate locally minimizing the
measure, i.e., not necessarily the mean 1/Z̄ .

By setting Wi = 1/(utr(t̂) · ni )2 we obtain the varia-
tion of inverse depth (27). Another natural choice is

Wi = 1. Then �0 becomes the sum of squared differ-
ences of the normal flow measurements and the cor-
responding projections of the best flow obtained from
the motion parameters. This measure has been used in
Mendelsohn et al. (1997).

With different choices of Wi we can either empha-
size the contributions from the vectors perpendicular to
the translational component which are independent of
depth, or the vectors parallel to the translation, which
are most strongly influenced by the depth. As long as
we keep Wi bounded, criterion (28) nicely combines
the contribution of the two perpendicular components.

We first minimize �0 with respect to 1/Ẑ . We model
the scene patch by a general plane and use a linear ap-
proximation 1/Ẑ = z · r (note that the third component
of r is a constant f , so z · r is a general linear function
in the image coordinates). Then we have

∂�0

∂z
=

∑
i

Wi (z · ri )(utr(t̂) · ni )
2ri −

∑
i

Wi

× (ṙi · n − urot(Âc) · ni )(utr(t̂) · ni ) ri = 0

(29)

a set of three linear equations for the three elements
of z.

Substituting the solution of (29) into (28), we obtain
�1(t̂, Âc,R), a second order function of Âc. Notice
that the computation can be performed symbolically
even when Âc is not known. This allows us to use the
same equations to obtain both the copoint matrix and
a measure of depth variation.

To estimate Âc, we sum up all the local functions
and obtain a global function:

�2(t̂, Âc) =
∑
R

�1(t̂, Âc,R) (30)

Finally, global minimization yields the best ma-
trix Âc and also a measure of depth variation for the
apparent translation t̂:


(t̂) = min
Âc

�2(t̂, Âc) (31)

In our algorithm the computation of 
(t̂) involves
two separate steps. First we estimate the best matrix
Âc and in the second step we evaluate the global depth
variability measure for the motion (t̂, Âc). In the two
steps of computing 
(t̂) we choose different weights
Wi in function �0.

First we discuss estimation of Âc, using weights
W ′

i . Ideally, the most weight should be given to the
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normal flow measurements along directions perpendic-
ular to the translational flow. Such measurements are
independent of the scene depth, thus the best source
of information about Âc and consequently should have
more influence on �0. Direct evaluation of the depth
variance, however, means that in Eq. (27) the weighting
factor for such vectors tends to infinity.

To prevent numerical instability, weights W ′
i should

certainly be bounded. For the rotation estimation part,
we use

W ′
i = 1

cos2 ψi + λ
(32)

where ψi is the angle between utr(t̂) and ni , λ is a small
positive number. Substituting W ′

i into (30), we obtain
function �′

2 (and functions �′
0, �′

1 can be defined anal-
ogously). The copoint matrix is computed as

Âc0 = argmin
Âc

�′
2(t̂, Âc)

Now we need to evaluate a global depth variation
function to obtain 
(t̂). As the 
(t̂) values are com-
pared for different directions of t̂, we choose constant
weights

Wi = 1 (33)

Then the contribution to 
(t̂) of a single normal flow
measurement is

(ṙi · ni − urot(Âc) · ni − (1/Ẑ )(utr(t̂) · ni ))
2

and has a clear geometrical meaning; it is the squared
difference of the normal flow and the corresponding
projection of the best flow obtained from the motion
parameters. More importantly, such squared errors can
be easily compared for different directions of t̂.

The global depth variation function 
(t̂) is therefore


(t̂) = �2(t̂, Âc0) = �2(t̂, argmin
Âc

�′
2(t̂, Âc)) (34)

4.3. Algorithm Description

The translation is found by localizing the minimum of
function 
(t̂) described in (34). To obtain 
(t̂):

1. Partition the image into small regions, in each re-
gion compute �′

0(t̂, Âc,R) using weights (32) and
perform local minimization of Ẑ (the computation
is symbolic in the unknown elements of Âc). After

Figure 3. Function 
(t̂) for the lab sequence (of Fig.fig:lab-seq).
For FOE positions within the image the value of 
(t̂) is coded as
grey value after logarithmic scaling.

substitution, the function becomes �′
1(t̂, Âc,R). At

the same time, compute �0 and �1 using constant
weights (33).

2. Add all the local functions �′
1(t̂, Âc,R) and mini-

mize the resulting �′
2(t̂, Âc) to obtain Âc0. Also add

�1(t̂, Âc,R) to obtain �2(t̂, Âc).
3. The final measure 
(t̂) is obtained by substituting

Âc0 into �2.

To find the minimum of 
 and thus the apparent
translation, we perform a hierarchical search over the
two-dimensional space of epipole positions. In prac-
tice, function 
 is quite smooth, that is small changes
in t̂ give rise to only small changes in 
 (for an example
see Fig. 3). One of the reasons for this is that for any t̂,
the value of 
(t̂) is influenced by all the normal flow
measurements and not only by a small subset.

For a majority of motion sequences, the motion of the
camera does not change abruptly. Then the translation
does not change much between frames and a complete
search only has to be performed for the first flow field.
In the successive flow fields, we need to search only in a
smaller area centered around the previously estimated
translation.

4.4. Algorithm Analysis

As the following analysis proves, the depth variability
measure for a single image region can be decomposed
into two components; one component (independent of
the motion estimate) which measures the deviation of
the patch from a smooth scene patch (a plane in the
given analysis) and a second component which consti-
tutes a multiple of the epipolar constraint.
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To show this, consider the function �0 in a small
image region R. The vectors utr(t̂) and urot(Âc) are
polynomial functions of image position r and can usu-
ally be approximated by constants within the region.
We use a local coordinate system where utr(t̂) is paral-
lel to [1, 0, 0]T. Without loss of generality we can write
(in that coordinate system)

utr(t̂) = [1, 0, 0]T

urot(Âc) = [urx, ury, 0]T

ni = [cos ψi , sin ψi , 0]T

uni = ṙi · ni

(35)

We can rewrite (28) as

�0 =
∑

i

Wi (uni − (z · ri ) cos ψi

− urx cos ψi − ury sin ψi )
2 (36)

Note that urx can be incorporated into z (writing z′ =
z + [0, 0, urx/ f ]T) and we thus obtain the same mini-
mum for the simplified expression

�0 =
∑

i

Wi (uni − (z · ri ) cos ψi − ury sin ψi )
2 (37)

Now consider the least squares estimation of optical
flow in the region using weights Wi . Allowing linear
depth changes, in the local coordinate system we fit
flow (ux·r, uy), i.e., a linear function along the direction
of utr(t̂) and a constant in the perpendicular direction.
We would minimize

∑
i

Wi (uni − (ux · ri ) cos ψi − uy sin ψi )
2 (38)

Expressions (37) and (38) are almost identical, but
there is one important difference. The optical flow mini-
mization (38) is strictly local, using only measurements
from the region. On the other hand, in (37), the rota-
tional flow (urx, ury) is determined by the global motion
parameters.

Let us denote the least squares solution of (38) as
(ûx, ûy) and the residual as EF. After some vector and
matrix manipulation we can obtain

�1 = (
mss − mT

csM
−1
cc mcs

)
δu2

ry + EF = K δu2
ry + EF

(39)

where

mss =
∑

i

Wi sin2 ψi ,

mcs =
∑

i

Wi cos ψi sin ψi ri ,

Mcc =
∑

i

Wi cos2 ψi ri rT
i

and

K = mss − mT
csM

−1
cc mcs (40)

The expression δury = ury − ûy is the difference of
the globally determined rotational component ury and
the best local optical flow component ûy. Both of the
components are in the direction perpendicular to the
translational flow and δury is therefore the epipolar
distance.

In classical approaches to motion estimation the
epipolar distance is minimized. Here we are minimiz-
ing the sum of two terms. The first component in (39)
is related to the epipolar constraint. It amounts to the
square of the epipolar distance, which only depends
on the 3D motion estimate, times a factor K , which
depends on the gradient distribution in the patch. The
second component in (39), EF, represents how well
the scene is approximated by a plane and it is indepen-
dent of the 3D motion estimate. In classical approaches
this component is derived during the process of optical
flow computation, and it is then discarded and not used
anymore in the process of estimating 3D motion and
structure. This component, however, carries informa-
tion about the scene discontinuities, and we have used
it in related work for segmenting the scene (Brodský
et al., 1998b). In the case of a smooth patch, EF = 0
and our technique is similar to epipolar minimization.
The difference lies only in the multiplication factor K .

Next let us take a closer look at the multiplication
factor (Eq. (40)). It measures the range of normal flow
directions within the region. If a region contains only
a small range of directions, it may not provide reliable
information for all candidate translations and appro-
priately (40) will be small for such a region. On the
other hand, (40) will be large if the region contains
a large range of measurement directions. We see that
compared to the epipolar constraint, the depth smooth-
ness measure emphasizes regions with larger variation
of normal flow directions and can thus be expected to
yield better results for noisy data.

4.5. The A Matrix Parameterization

The motion estimation algorithm provides the apparent
translation t̂ = Kt and the matrix S(A, t̂) (see Eq. (14)).
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The copoint matrix Ac is then obtained by applying a
known linear function fc (see Appendix A for details)

Ac = fc(S(A, t̃)) (41)

The second part of matrix A is of the form At =
t̂wT+w0 I. Note that w0 does not influence the flow due
to At and can be easily computed using the condition
trace A = 0. Since trace (t̂wT) = t̂ · w, we have

w0 = − 1

3
(trace (Ac) + t̂ · w) (42)

We write w = ∑3
i=1 wi ei , where e1 = [1, 0, 0]T,

e2 = [0, 1, 0]T, e3 = [0, 0, 1]T and define

B0 = Ac − 1

3
trace (Ac) I

and

Bi = t̂eT
i − 1

3
(t̂ · ei ) I for i = 1, . . . , 3

Then

A = B0 +
3∑

i=1

wi Bi (43)

where Bi are known matrices (depending on t̂ and Ac

only). In addition, vector w is not completely arbitrary;
there are only two independent unknowns, as matrix
A is singular. However, we choose not to enforce the
singularity constraint here, because it amounts to a third
order polynomial equation and introduces unnecessary
complexity in the sequel.

4.6. Calibration from General Motion

For a general motion sequence, only the copoint ma-
trices can be computed. We assume that a set of partial
results in the form of (43) has been obtained with
the FOE and/or the camera rotation changing between
frames.

The method is again based on the constraint (20).
Only partial information about A is available and thus
the error function (26) depends not only on K̂, but also
on the unknown vector w. However, for any given K̂,
we can choose the w that minimizes (26) in order to
define an error measure that only depends on K̂. The
best w can be expressed in closed form as a function
of K̂.

Consider the error function (26)

trace (Ei Ei ) = 2 trace (Ai Ai )

+ 2 trace
(
Ai K̂K̂TAT

i (K̂K̂T)−1
)

and substitute Ai given by (43)

Ai = Bi0 +
3∑

j=1

wi j Bi j

If we denote

ti jk = 2 trace
(
Bi j Bik) + 2 trace (Bi j K̂K̂TBT

ik(K̂K̂T)−1
)

the error function trace (Ei Ei ) becomes

trace (Ei Ei ) = ti00 +
3∑

j=1

wi j ti j0 +
3∑

k=1

wik ti0k

+
3∑

j=1

3∑
k=1

wi j wik ti jk (44)

or written in matrix form:

trace (EE) = ti00 + dT
i wi + wT

i Di wi

where w = [wi1, wi2, wi3]T is a vector of the unknown
parameters, di = [ti01 + ti10, ti02 + ti20, ti03 + ti30]T,
and

Di =




ti11 ti12 ti13

ti21 ti22 ti23

ti31 ti32 ti33




Note that ti j = t ji , so matrix D is symmetric.
Given K̂, quantities ti j are known and the vector w

that minimizes the error function can be expressed in
closed form as

wi = −1

2
D−1

i di (45)

The global error function is the sum of the local
minimization results

E3(K̂) =
∑

i

(min (trace (Ei Ei )))

=
∑

i

(
ti00 − 1

4
dT

i (Di )
−1di

)
(46)

Expression (46) defines an error measure in terms
of matrix K̂ alone. We again perform a Levenberg-
Marquardt minimization to obtain K. It is possible
to obtain closed form (and succinct) formulas for the
derivatives of E3(K̂) with respect to K̂ using vector and
matrix differentiation of scalar functions.



104 Brodský and Fermüller

As with E1(K̂), the expressions in error function
E3(K̂) are dominated by the focal lengths fx , fy . To find
a suitable starting point, we first test diagonal matrices
K̂ (with �x = �y = s = 0) with reasonable values of
fx , fy , based on the size of the image and expected min-
imum and maximum field of view. Only a very sparse
set of matrices is tested and the matrix yielding the best
value is used as a starting point for the minimization in
all five calibration parameters. This preprocessing step
yields very good results in practice.

4.7. Overview of the Algorithm

Here we summarize the steps performed during the
calibration for a general motion sequence. The input
is assumed to be a monocular sequence of images
taken by a moving camera with constant calibration
parameters.

First, for each pair of successive frames, we com-
pute normal flow, estimate the apparent FOE and the
copoint matrix (Section 4.3), and then compute the cor-
responding partial matrices Bi (Eq. (43)). All the par-
tial matrices are then used in the computation of the
calibration parameters (Section 4.6).

5. Experiments

Before presenting the experimental results, we discuss
the constant f , which is used as the third component of
image points throughout the computation. Even though
the value of f does not influence the results in the noise-
less case, it can be very important in the presence of
noise. For example, it was observed in Dron (1993)
that the choice of f = 1 leads to numerical instabil-
ity. As explained in Hartley (1997), the main reason of
instability seems to be the inhomogeneity of vectors
[x, y, 1]T, since in a typical image, the average coordi-
nates x , y are much larger than 1. A simple solution is
to select f comparable with average image coordinates
x, y.

In our experiments, we place the origin of the image
coordinate system in the middle of the image. If the
width of the image is W , the x coordinates range from
−W/2 to W/2 and the average absolute value for x is
W/4. We compute the average of the image width W
and height H and set f to be one half of that value,
f = (W + H )/4. This value seems to lead to better
results than (W + H )/8.

We first present experiments using artificially gener-
ated data that allow us to compare the various methods

and to study the effects of noise. In the second part of
this section we show the performance of the algorithms
on real image sequences.

5.1. Experiment 1

We used noisy, artificially generated flow fields for
a camera with the following parameters: fx = 500,
fy = 520, �x = −10, �y = 5, s = 0. Eight input ma-
trices were computed from purely rotational fields
for different rotations (of the same magnitude but
with different rotation axes). In the plots σ denotes
the standard deviation of the Gaussian noise that
was added to the normal flow measurements (that is,
the length of the normal flow vectors). Noise with
standard deviation σ = 0.02 added on average nor-
mal flow errors (ratio of noise over actual normal
flow value) of approximately 30%. (The normal flow
values were in the range of −0.35 to 0.35 pixels
in length, with the average absolute value about
0.15 pixels.)

The plots in this section show how the recovered pa-
rameters change with respect to noise. In addition to
the five calibration parameters, we also plot the aspect
ratio fx/ fy . At each noise level, we repeated the exper-
iment 20 times and we used a statistical package from
Maple V for the plots. The results for each variable are
drawn as a box with a central line showing the median
of the data and two lines showing the first and the third
quartile, respectively. The lines extending from the box
have maximum length 3/2 of the interquartile length,
but not exceeding the range of the data. A horizontal
dashed line shows the ground truth value and we also
plot a curve connecting the median values at different
noise levels.

The results of the eigenvector method that mini-
mizes (24) are illustrated in Fig. 4 with one plot for each
calibration parameter plus a plot showing the recovered
aspect ratio fx/ fy .

The performance of the non-linear method for purely
rotational motion is comparable, or slightly worse than
the performance of the eigenvector method, as can be
seen from Fig. 5. Note that in both cases the aspect ratio
fx/ fy is estimated quite robustly even for very noisy
inputs.

The image size in the experiments above was 256 ×
256 pixels, so that constant f = 128 was used. For the
noise level σ = 0.02, we also tested different values of
f and found that both methods are not sensitive to the
value of f . We only plot recovered fx and �x for both
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Figure 4. Self-calibration results for rotational motion, eigenvector method.

methods in Fig. 6. The plots for the other parameters
are analogous.

5.2. Experiment 2

In the second experiment with artificial data we added a
translational component to the generated flow field. We
first tested an FOE lying in the image (at (40, −100) in
image coordinates). In this and all other experiments
the size of the patches (to which planes were fitted) was
10 × 10 pixels. The results for different noise levels
are plotted in Fig. 7. It should be noted that a value of
N = 0.1 corresponds to a quite severe noise level.

We then performed the same set of experiments, but
for an FOE lying far from the image (at (4990, −10395)

in image coordinates) and present the results in Fig. 8.
The data confirms the findings of theoretical studies
regarding the confusion between translation and ro-
tation; the estimated FOEs tend to lie along a direc-
tion from the center of the image towards the actual
FOE.

5.3. Experiment 3

In the last experiment with artificial data we added a
translational component with apparent FOE lying in
the range of (40, −100) and (57, −91) (in the x- and
y-image coordinates, where (0, 0) is the center of the
image) to the motions used in Experiment 1. The size of
the translational flow vectors was on average about 40%
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Figure 5. Self-calibration results for rotational motion, non-linear method.

of the size of the rotational vectors. The self-calibration
results are presented in Fig. 9.

As in Experiment 1, we also tested different val-
ues of f , using the noise level σ = 0.01, as shown in
Fig. 10. Because self-calibration is more noise sensitive
for general camera motions, the value of f influences
the results much more than for the purely rotational
motions. Note that this experimental result confirms
that the chosen value f = 128 is a suitable choice.

5.4. Experiment 4

Performance of the methods for the case of significantly
non-square pixels is illustrated in this experiment. We
chose a camera with calibration parameters fx = 100,

fy = 320, �x = 50, �y = −25, s = 10. All the other
settings, including the camera motions, were identical
to those in Experiment 1.

Only plots for the eigenvector method are shown in
Fig. 11; the results for the non-linear method were very
similar.

5.5. Experiment 5

To test the performance of the method for purely rota-
tional motion on real images, we used a short sequence
of computer generated images (see Fig. 12) with cali-
bration parameters fx = fy = 600, �x = �y = s = 0.

Again we compared the linear and the non-linear
method. Since the input images were highly textured
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Figure 6. Dependence of the recovered parameters on f for purely rotational motion. The noise level was σ = 0.02. (a), (b): the eigenvector
method, (c), (d): the non-linear method.

and provided many measurements, we performed self-
calibration using all the normal flow measurements
first and then repeated the experiment with several ran-
domly chosen subsets of the input data to gauge the
reliability of the results. The normal flow values were
maximally 3.5 pixels long, and the average length was
0.3 pixels.

The linear method gave the results in Table 1, the
results of the non-linear method are shown in Table 2.

For the non-linear method, it is also possible to
only solve for some of the parameters. In addition to
the general calibration, in Table 3 we present the re-
sults obtained when solving only for the unknowns

Table 1. Recovered calibration parameters for the purely
rotational sequence, using the eigenvector method.

% of data used fx fy fy/ fx �x �y s

100 619.4 619.6 1.000 −1.1 1.4 10.7

80 625.3 624.2 0.998 −0.8 2.1 10.6

60 624.7 624.0 0.999 1.3 1.2 9.9

fx , fy with the remaining parameters �x , �y , and
s set to 0. Notice, however, that since the focal
lengths dominate the error function, the results were
quite close to the results obtained in the general
case.

Table 2. Recovered calibration parameters for the purely
rotational sequence, using the non-linear method.

% of data used fx fy fy/ fx �x �y s

100 609.2 624.9 1.026 −0.6 2.5 18.6

80 614.5 630.6 1.026 −0.8 4.8 18.8

60 615.8 629.6 1.022 0.6 2.6 17.7

Table 3. Recovered focal lengths for the purely rotational
sequence. The remaining parameters were set to 0.

% of data used fx fy fy/ fx

100 610.1 626.4 1.027

80 616.3 632.6 1.026

60 616.9 631.2 1.023
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Figure 7. FOE estimation results. Each plot shows the hemisphere of possible translation directions (displayed under stereographic projection),
the boundary of the image, and estimated FOE directions for flow fields with a constant translational component and varying rotational
components.
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Figure 8. FOE estimation results. Each plot shows the hemisphere of possible translation directions (displayed under stereographic projection),
the boundary of the image, and estimated FOE directions for flow fields with a constant translational component and varying rotational
components.
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Figure 9. Self-calibration results for a general motion.

Figure 10. Dependence of the recovered parameters on f for a general motion. The noise level was σ = 0.01. The program automatically
chooses value f = 128.
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Figure 11. Self-calibration results for rotational motion, eigenvector method.

5.6. Experiment 6

The “lab” sequence (Fig. 13) was taken by a hand-held
Panasonic D5000 camera which underwent a general
translation and rotation with a zoom setting of approxi-
mately 12 mm. Unfortunately, the effective focal length
of the pinhole camera model was also influenced by the
focus setting and we thus knew the intrinsic parameters
only approximately. The internal parameters were fixed
and approximately: fx = fy = 450, �x = �y = s = 0.
In this sequence the normal flow values were up to
4 pixels in length, with an average absolute value of
approximately 1.3 pixels. Calibration results using the
general algorithm described in Section 4 are summa-
rized in Table 4; the focal lengths were slightly overesti-
mated, but consistent for different parts of the sequence.

From the experimental results, we make the
following observations about the feasibility of self-
calibration from normal flow input.

The focal length parameters fx , fy , and especially
the aspect ratio fx/ fy , can be estimated most reliably. It
is more difficult to recover the remaining parameters.
One of the reasons is that fx , fy are much larger in

Table 4. Self-calibration results for the lab sequence.

Frames fx fy �x �y s

001–300 536 522 16 26 3

001–100 541 543 −33 6 −25

101–200 544 475 26 −38 14

201–300 548 513 −11 8 6
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Figure 12. One frame from the purely rotational sequence used in
Experiment 5.

Figure 13. One input frame of the “lab” sequence.

magnitude than the remaining parameters (at least for
any real camera) and the error functions depend only
on the ratios of the calibration parameters.

6. Summary

We have analyzed the problem of estimating the cal-
ibration parameters from image motion fields for an
uncalibrated camera moving in a rigid way. Our the-
oretical analysis of such motion fields has shown that
the rotation and calibration parameters are coupled in
a way leading to a set of parameters which are linearly
related to the image motion measurements, and from
these parameters the calibration can be determined. We

have analyzed the information about the calibration
parameters contained in flow fields and provided a ge-
ometrical interpretation of what information can be ob-
tained from a single motion field.

We have given calibration algorithms for cameras
in constrained and unconstrained rigid motion. For a
camera undergoing a purely rotational motion, we have
presented a linear calibration method, as well as a more
elaborate non-linear iterative method that can be easily
adjusted to specific situations where a reduced set of
parameters needs to be estimated.

For the case of general camera motion, we have pre-
sented an iterative self-calibration procedure that com-
bines information from several frames to overcome the
inherent ambiguities of the problem. This procedure
was implemented using a novel FOE estimation ap-
proach, utilizing the smoothness of estimated scene
depth.

Finally, experiments using both artificial and real
input data have been carried out to test the performance
of the method.

Appendix A: The Copoint Matrix

In this Appendix we prove the observation from
Section 2.3, utilizing a rotated coordinate system. Let
M be a rotation matrix that transforms the unit vec-
tor ŝ into ẑ, i.e., M ŝ = ẑ. Matrix M is not uniquely
defined, but any such matrix can be used, as long as
det (M) = 1 so that the handedness of the coordinate
system is maintained. Then the transformation of axial
vectors (Borisenko and Tarapov, 1986) (such as cross-
products) does not involve a change of sign.

In the coordinate system rotated by M, vector
r becomes r′ = Mr and matrix A transforms into
A′ = MAMT. The reason for the rotation becomes clear
when we examine [ŝ]× in the new coordinate system.
As Mŝ = ẑ, we obtain

M[ŝ]×MT = [ẑ]× =




0 −1 0

1 0 0

0 0 0




Denoting

A′ = MAMT

we can also derive

MS(A, ŝ)MT = A′T[ẑ]× − [ẑ]×A′ = S(A′, ẑ) (47)
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Let the elements of A′ be a′
i j . Conic S(A′, ẑ) is then

S(A′, ẑ) =




2a′
21 a′

22 − a′
11 a′

23

a′
22 − a′

11 −2a′
12 −a′

13

a′
23 −a′

13 0


 (48)

We can split A′ into two parts, a component A′
c which

can be derived from S(A′, ẑ) and a component A′
t which

only affects the flow components parallel to the trans-
lational flow due to translation ŝ:

A′ = A′
c + A′

t =




0 a′
12 a′

13

a′
21 a′

22 − a′
11 a′

23

0 0 0




+




a′
11 0 0

0 a′
11 0

a′
31 a′

32 a′
33


 (49)

Only the difference between the first two diagonal
elements of A′

c is important; other choices just lead
to slightly different representations of the same five
parameters and do not change the computations in the
sequel.

The split of A′ naturally induces a split of A =
MTA′M:

A = Ac + At = MTA′
cM + MTA′

tM

Due to linearity, the flow due to A′ is a sum of the
flows due to A′

c and A′
t. Clearly A′

c encodes the same
information as S(A′, ẑ) and consequently matrix Ac en-
codes the same information as S(A, ŝ).

Matrix A′
t contains the remaining parameters. Alter-

natively, it can be written as

A′
t =




0 0 0

0 0 0

a′
31 a′

32 a′
33 − a′

11


 +




a′
11 0 0

0 a′
11 0

0 0 a′
11




= ẑw′T + w0 I

where w′ = (a′
31, a′

32, a′
33 − a′

11)T and w0 = a′
11. Thus

At = MTẑw′TM + w0 MTIM = ŝwT + w0 I

where w = MTw′. The flow due to At is

urot(At) = 1

f
(ẑ × (r × (ŝwTr + w0 r))))

= −w · r
f

(ẑ × (ŝ × r))

= (w · r)utr(ŝ) (50)

As might have been expected, the flow vectors due
to At are parallel to the translational flow with apparent
FOE s. In fact, the flow due to At is exactly the same as
the flow field we would obtain from a translation with
apparent FOE s and scene depth 1/Z = w · r. Such a
plane has 3D equation w · (KR) = 1.

Finally, we derive function fc mapping S(A, ŝ) into
Ac. Let T be a function that converts a symmetric
matrix into its upper triangular form (representing the
same conic), so that

T (S(A′, ẑ)) = 2




a′
21 a′

22 − a′
11 a′

23

0 −a′
12 −a′

13

0 0 0




Then matrix A′
c is simply A′

c = 1
2 [ẑ]×T (S(A′, ẑ)).

Therefore

Ac = 1

2
MT[ẑ]×MMTT (S(A′, ẑ))M

= 1

2
[ŝ]×MTT (S(A′, ẑ))M

Since S(A′, ẑ) = MS(A, ŝ)MT, we can define

fc(X) = 1

2
[ŝ]×MTT (M X MT)M (51)

and it is straightforward to verify that fc(S(A, ŝ)) = Ac.
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Notes

1. Note that normal flow is an image based concept. The image may
be distorted by an affine transform, but the component of the flow
along some direction is obtained by projecting the flow on that
direction. Normal flow does not amount to the transform of the
component of flow along some direction in the calibrated image
to the corresponding direction in the uncalibrated image.

2. We denote (K−1)T by K−T.



114 Brodský and Fermüller

References

Anandan, P. 1989. A computational framework and an algorithm
for the measurement of visual motion. International Journal of
Computer Vision, 2:283–310.

Armstrong, M., Zisserman, A., and Hartley, R. 1996. Self-calibration
from image triplets. In Proc. European Conference on Computer
Vision, Cambridge, UK, vol. 1, pp. 3–16.

Barron, J.L., Fleet, D.J., and Beauchemin, S.S. 1994. Performance of
optical flow techniques. International Journal of Computer Vision,
12:43–77.

Bergen, J.R., Anandan, P., Hanna, K.J., and Hingorani, R. 1992.
Hierarchical model-based motion estimation. In Proc. European
Conference on Computer Vision, pp. 237–248.

Black, M. 1994. Recursive non-linear estimation of discontinuous
flow fields. In Proc. Third European Conference on Computer
Vision, Springer-Verlag, pp. 138–145.

Borisenko, A.I. and Tarapov, I.E. 1986. Vector and Tensor Analysis
with Applications. Prentice-Hall: Englewood Cliffs, NJ.
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