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Abstract. The classic approach to structure from motion entails a clear separation between motion estimation and
structure estimation and between two-dimensional (2D) and three-dimensional (3D) information. For the recovery
of the rigid transformation between different views only 2D image measurements are used. To have available enough
information, most existing techniques are based on the intermediate computation of optical flow which, however,
poses a problem at the locations of depth discontinuities. If we knew where depth discontinuities were, we could
(using a multitude of approaches based on smoothness constraints) accurately estimate flow values forimage patches
corresponding to smooth scene patches; but to know the discontinuities requires solving the structure from motion
problem first. This paper introduces a novel approach to structure from motion which addresses the processes of
smoothing, 3D motion and structure estimation in a synergistic manner. It provides an algorithm for estimating
the transformation between two views obtained by either a calibrated or uncalibrated camera. The results of the
estimation are then utilized to perform a reconstruction of the scene from a short sequence of images.

The technique is based on constraints on image derivatives which involve the 3D motion and shape of the scene,
leading to a geometric and statistical estimation problem. The interaction between 3D motion and shape allows us
to estimate the 3D motion while at the same time segmenting the scene. If we use a wrong 3D motion estimate
to compute depth, we obtain a distorted version of the depth function. The distortion, however, is such that the
worse the motion estimate, the more likely we are to obtain depth estimates that vary locally more than the correct
ones. Since local variability of depth is due either to the existence of a discontinuity or to a wrong 3D motion
estimate, being able to differentiate between these two cases provides the correct motion, which yields the “least
varying” estimated depth as well as the image locations of scene discontinuities. We analyze the new constraints,
show their relationship to the minimization of the epipolar constraint, and present experimental results using real
image sequences that indicate the robustness of the method.

Keywords: 3D motion estimation, scene reconstruction, smoothing and discontinuity detection, depth variability
constraint

1. Introduction multiple views. This is the well-known problem of
structure from motion (SFM) (Faugeras, 1992; Koen-
One of the biggest challenges of contemporary com- derink and van Doorn, 1991). Here the problem is
puter vision is to create robust and automatic pro- treated in the differential sense, that is, assuming that
cedures for recovering the structure of a scene given a camera moving in an unrestricted rigid manner in a
static environment continuously acquires images. In all

*Present address: Philips Research, 345 Scarborough Road,eXiSting approaches _tO this prpplem, t_he solution pro-
Briarcliff Manor, NY 10510. ceeds in two steps: first, the rigid motion between the
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views is recovered, and second, the motion estimate is3D motion estimation. The idea behind our approach
used to recover the scene structure. is based on the interaction between 3D motion and
Traditionally, the problem has been treated by first scene structure that only recently has been formalized
finding the correspondence or optical flow and then op- (Cheong et al., 1998). If we have a 3D motion estimate
timizing an error criterion based on the epipolar con- which is wrong and we use it to estimate depth, then
straint. Although considerable progress has been madewe obtain a distorted version of the depth function. Not
in minimizing deviation from the epipolar constraint only do incorrect estimates of motion parameters lead
(Luong and Faugeras, 1996; Maybank, 1986, 1987), to incorrect depth estimates, but the distortion is such
the approach is based on the values of flow, whose es-that the worse the motion estimate, the more likely we
timation is an ill-posed problem. are to obtain depth estimates that locally vary much
The values of flow are obtained by applying some more than the correct ones. The correct motion then
sort of smoothing to the locally computed image deriva- yields the “least varying” estimated depth and we can
tives. When smoothing is done in an image patch corre- define a measure whose minimization yields the cor-
sponding to a smooth scene patch, accurate flow valuesrect egomotion parameters. The measure can be com-
are obtained. When, however, the patch correspondsputed from normal flow only, so the computation of
to a scene patch containing a depth discontinuity, the optical flow is not needed by the algorithm. Intuitively,
smoothing leads to erroneous flow estimates there. Thisthe proposed algorithm proceeds as follows: first, the
can be avoided only if a priori knowledge about the lo- image is divided into small patches and a search for
cations of depth discontinuities is available. Thus, flow the 3D motion, which as explained in Section 3 takes
values close to discontinuities often contain errors (and place in the 2D space of translations, is performed. For
these affect the flow values elsewhere), and when the each candidate 3D motion, using the local normal flow
estimated 3D motion (containing errors) is used to re- measurements in each patch, the depth of the scene cor-
cover depth, it is unavoidable that an erroneous sceneresponding to the patch is computed. If the variation of
structure will be computed. The situation presentsitself depth for all patches is small, then the candidate 3D
as a chicken-and-egg problem. If we had information motion is close to the correct one. If, however, there
about the locations of the discontinuities, we would be is a significant variation of depth in a patch, this is ei-
able to compute accurate flow and subsequently accu-ther because the candidate 3D motion is inaccurate or
rate 3D motion. Accurate 3D motion implies, in turn, because there is a discontinuity in the patch. The sec-
accurate location of the discontinuities and estimation ond situation can be distinguished from the first by the
of scene structure. Thus 3D motion and scene disconti- fact that the distribution of the depth values inside the
nuities are inherently related through the values of im- patch is bimodal with the two classes of values spa-
age flow, and each needs the other in order to be bettertially separated. In such a case the patch is subdivided
estimated. Researchers avoid this problem by attempt-into two new ones and the process is repeated. When
ing to first estimate flow using sophisticated optimiza- the depth values computed in each patch are smooth
tion procedures that could account for discontinuities, functions, the corresponding motion is the correct one
and although such techniques provide better estimates,and the procedure has at the same time given rise to the
their performance often depends on the scene in view, locations of a number of discontinuities. The estimates
they are in general very slow, and they require exten- can then be used to compute the structure of the scene.
sive resources (Geman and Geman, 1984; Marroquin, However, to obtain a good reconstruction, information
1985; Mumford and Shah, 1985). from successive flow fields has to be combined and
In this paper, instead of attempting to estimate flow various smoothing, optimization and model-building
at all costs before proceeding with structure from mo- procedures have to be utilized. The rest of the paper for-
tion, we ask a different question: Would it be possibleto malizes these ideas and presents experimental results.
utilize local image motion information, such as normal Preliminary results have previously been published in
flow for example, to obtain knowledge about scene dis- Brodsky et al. (1998c, 1999).
continuities which would allow better estimation of 3D
motion? Or, equivalently, would it be possible to devise 1.1. Organization of the Paper
a procedure that estimates scene discontinuities while
at the same time estimating 3D motion? We show here Section 2 defines the imaging model and describes the
that this is the case and we present a novel algorithm for equations of the motion field induced by rigid motion;
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it also makes explicit the relationship between distor- from the scene) and the three rotational parameters can
tion of depth and errors in 3D motion. Section 3 is be estimated from monocular image sequences.
devoted to an outline of the approach taken here and The next subsection introduces the main concept un-
the description of the algorithm. It also analyzes the derlyingthe approach taken inthis paper, the estimation
constraints that are introduced and formalizes the re- of distorted structure from local image measurements
lationship of the approach to algorithms utilizing the on the basis of erroneous 3D motion estimates.
epipolar constraint. Section 4 generalizes the algorithm

to the case of uncalibrated imaging systems. Section 52 1. pepth Estimation from Motion Fields

illustrates the construction of scene models on the basis

of the motion estimates using a short video sequence, The structure of the scene, i.e., the computed depth, can

and Section 6 describes a number of experimental re- ye expressed as a function of the estimated translation

sults with real image sequences. f and the estimated rotatiah. At an image point
where the normal flow direction is, the inverse scene

2 Preliminaries depth can be estimated from (3) as

f * n - Urot(a’) . n
Uy (®) - n

We consider an observer moving rigidly in a static en- i = (4)

vironment. The camera is a standard calibrated pinhole Z

with focal lengthf and the coordinate syste@ XY Z

is attached to the camera, withbeing the optical axis.
Image points are represented as vectos[x, v,

f]7, wherex andy are the image coordinates of the

point andf is the focal length in pixels. A scene point

where Uyt (@), Uy (f) refer to the estimated rotational
and translational flow respectively.
Substituting into (4) from (3), we obtain

1
=Uy(t) N —u S .n
R is projected onto the image point i _Z v (® _ rot(8w)
z Ur(D) - n
r=f RA (1) i _lue®-n— AZurot(Sw) ‘n
R z Z ur(®) -n
wherez is the unit vector in the direction of thé axis. where Uy (8w) is the rotational flow due to the rota-

Let the camera move in a static environment wWith tional errorsw = (& — w). To make clear the relation-
instantaneous translatidrand instantaneous rotation ship between actual and estimated depth we write
w (measured in the coordinate syst€hXY 2). Then

a scene poinR moves with velocity (relative to the 7-7.D (5)
camera) .
with
: Uy (1) - n
R =—1—-—wx R 2 —
@ (Ugr (1) — ZUrgt(Sw)) - n
The image motion field is then the usual (Horn and hereafter termed the distortion factor. Equation (5)
Weldon, Jr., 1988) shows how wrong depth estimates are produced due
to inaccurate 3D motion values. The distortion factor
P =— ! —(Zx (txr)+ 1 7% (I x (W xTr)) for any directiomn corresponds to the ratio of the pro-
(R-2) f jections of the two vectons, (t) andug (t) — Zuyg(Sw)
1 onn. The larger the angle between these two vectors is,
=z Utr (1) + Urot(w) (3) the more the distortion will be spread out over the dif-
ferentdirections. Thus, considering a patch of a smooth
where Z is used to denote the scene depkh- 2), surface in space and assuming that normal flow mea-

anduy, Uy are the directions of the translational and surements are taken along many directions, a rugged
rotational flow respectively. Due to the scaling ambi- (i.e., unsmooth) surface will be computed on the basis
guity, only the direction of translation (focus of expan- of wrong 3D motion estimates.

sion, FOE, or focus of contraction, FOC, dependingon  To give an example, we show the estimated depth
whether the observer is approaching or moving away for a sequence taken with a hand-held camera in our
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lab, which we will refer to throughout the paper as image patch. To obtain such a situation we attempt a
“the lab sequence”; one frame is shown in Fig. 1(a). segmentation of the scene on the basis of the estimated
For two different translations we estimate the rota- depth while at the same time testing the candidate 3D
tion from the vectors perpendicular to the respective motions. In contrast to traditional methods that utilize
translational vectors, as explained in Section 3.1, and optical flow, all computations are based on normal flow
plot the estimated values of (4). Notice the reasonably and we thus have available the full statistics of the raw
smooth depth estimates for the correct FOE in Fig. 1(b), data, so that a good segmentation is generally possible.
and compare with the sharp changes in the depth map
(neighboring black and white regions) in Fig. 1(c). 3. 3D Motion Estimation from One Flow Field

The above observation constitutes the main idea be- for Calibrated Camera
hind our algorithm. For a candidate 3D motion estimate
we evaluate the variability of estimated depth within There exists a lot of structure in the world and al-
each image patch. If the image patch corresponds to amost any scene can be thought of as a collection of
smooth 3D scene patch, the correct 3D motion will cer- smooth surface patches separated by abrupt disconti-
tainly give rise to the overall smallest variability in the nuities. Here the term “smoothness” is not used to mean

Figure 1L (a) One frame of the lab sequence. (b) Inverse depth estimated for the correct3B3E-(15) pixels from the image center).
(c) Inverse depth for an incorrect FOEA80, 115) pixels from the image center). The gray-level value represents inverse estimated depth with
mid-level gray shown in places where no information was available, white representing posttiaad black representing negativeZl
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differentiability, but rather to describe small depth There have been some previous studies which use
changes within the individual surface patches. constraints on the 3D surfaces to relate the spatiotem-
Many previous approaches have used the assump-poral image derivatives directly to 3D motion. Horn
tion of locally smooth (constant, linear, or smoothly (1986) discusses a 3D motion estimation scheme which
varying) scene depth. Without the detection of depth minimizes a measure consisting globally of depar-
discontinuities, however, this assumption is not valid ture from the optical flow constraint and locally of
everywhere in the image. Explicit consideration of the departure from scene smoothness, in particular the
depth discontinuities leads to a fundamental difference. square Laplacian of inverse depth. Horn and Weldon,
If (and only if) we are able to detect the depth bound- Jr. (1988) suggest an iterative algorithm for the case of
aries between surface patches, we no longer need topure translation which solves in alternating steps for
make smoothnesassumptionswe are merely utiliz- translation and depth, and which estimates the trans-
ing a property of the world which in the sequel we call lation by minimizing the error in depth. Bergen et al.
the “patch variability constraint” or “depth variability  (1992) describe an iterative algorithm for general rigid
constraint.” motion. Given an estimate of translation and rotation,
The significance of incorporating the discontinuities they solve patch-wise for the inverse depth minimizing
has long been understood, and inthe past various effortsan error measure defined on the flow and then globally
have been made to estimate smooth flow fields while for the motion parameters, and they keep reiterating
at the same time detecting discontinuities (Heitz and these two steps. The problem with these iteration ap-
Bouthemy, 1993; Murray and Buxton, 1987; Schunck, proaches is that most often it is not possible to recover
1989; Spoerri and Ullman, 1987; Thompson et al., from initial errors in motion or depth. In the proposed
1985). Previous work, however, is based on 2D image algorithm there is no such iteration, and thus no con-
information only. Here, we attempt to bring in infor- vergence problem, as the depth is computed for every
mation about the 3D world, in particular the 3D motion translation candidate. Another characteristic of our ap-
and the depth of the scene, and to utilize ittogether with proach is the detection of depth discontinuities which
image measurements for segmentation. have not been dealt with in other approaches. Finally,
In classical approaches the process of optical flow es- the study (Mendelsohn et al., 1997) needs to be men-
timation, which involves smoothing, is separated from tioned, which also employs a patch-wise minimization
the process of 3D motion estimation and structure com- with respectto inverse depth. However, in this paper the
putation. After optical flow has been fitted to the im- depth estimation is used not for motion estimation, but
age data, that is the normal flow, the information about in an iterative multi-scale algorithm to estimate optical
the goodness of the fit is discarded and not consideredflow for an uncalibrated camera in rigid motion.
in the later processes. By combining the processes of Next we explain in detail the different computations
smoothing, 3D motion and structure estimation, we uti- performed in the algorithm. First we describe a fast
lize thisinformationin allthe processes. The estimation technique to estimate the rotation, which is used only
of structure and motion thus becomes a geometrical andto narrow the space of possible 3D motion estimates.
statistical problem. The challenge lies in understand-
ing how the statistics of the input relate to the geome-
try of the image information and how to combine the 3.1. Projections of Motion Fields and Estimation
constraints in an efficient way in the development of of Rotation
algorithms. Practical studies show that, because of the
large number of unknowns, the computations cannot be The search for candidate 3D motions is achieved by
carried out in a strictly bottom-up fashion, but have to searching for the translational component, i.e., the
be performed in a feedback loop. These considerationsFOE. Given a candidate FOE, we need to estimate
led to the development of the proposed algorithm. the rotation that best fits the image data together with
The basic approach of the algorithm is quite simple. that translation. One possibility is to examine normal
For a given candidate translation, we perform the fol- flow vectors that are perpendicular to lines passing
lowing steps: estimate the rotation, perform depth seg- through the FOE, since these flow values do not con-
mentation, and finally evaluate a measure of depth vari- tain any translational part. For this we need to for-
ation taking into account the segmentation. A search in malize properties of motion fields projected onto par-
the space of translations for a minimum of the smooth- ticular directions. Indeed, by projecting the motion
ness measure then yields the best 3D motion. field vectorsi onto certain directions, it is possible
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It is easy to compute rotation from copoint vectors,
but the dependence on the existence of suitable image
measurements is crucial in practice, since such mea-
surements may not be available. While a complete lack
of measurements is usually not a problem, the number
of copoint measurements for different candidate trans-
lations varies wildly and so does the reliability of the
estimated rotation. Consequently, we have found in our
experiments that fluctuations of the estimated rotation
caused considerable difficulties not only for finding an
accurate solution, but also for methods that could be
used to speed up the computation. As the goodness
to gain some very useful insights (Brogskt al., of the rotational fit doesn’t change smoothly between
1998a; Fermller, 1993: Ferraller and Aloimonas,  Nneighboring FOE candidates, it becomes difficult to
1995; Horn, 1987). Of particularinterestaretiopoint ~ SPeed up the search for the correct 3D motion with gra-
projections (Fermaller, 1993), where the flow vectors ~dientdescentmethods, which s possible for the method
are projected onto directions perpendicular to a certain based on the smoothness measure described next.
translational flow field (see Fig. 2). Let poitibe the Nevertheless, the computation is simple and fast
FOE in the image plane of this translational field and €nough and the residual of the least squares estimate
consider the vectors emanating frérvectors perpen-  (Scaled to account for the varying number of measure-

Figure 2 The copoint directions correspondingtto

dicular to such vectors are;(r) =2 x uy(f) =2 x ments) is usually sufficient to approximately locate the

@x Exrn). region of interest that most probably contains the cor-
Let the camera motion b@, w). The projection of ~ recttranslation. We thus use this measure first to narrow

the flow (3) ontovep is the space of solutions and then apply the more sophis-

ticated criterion, explained in the next section, to only
a limited region of candidate translations.

Vep _ 1 (1f(txf) r+ (wxr) (fxr))
(IVepll  IIVepll \ Z

(6) 3.2. The Criterion

In particular, if we letf =t, the translational compo- ~ Consider a small image regida that contains a set of
nent of the copoint projection becomes zero and (6) Measurements; with directionsn;. Given candidate

simplifies into motion parameters, we can estimate the inverse depth
from (4) up to the overall scale ambiguity. To treat
\V/ 1 n . . .
o Vo _ xr)-Exrn @) dlfferen_t patc[\es equally,. we normahze the estimated
IVepll  IIVepll translatioruy (t) to be a unit vector in the middle of the
region.

Equation (7) can serve as a basis for estimating the 5 hossible measure of depth variation is the vari-

rotation. Assume that the translatioris known. As _ ance of the depth values, or, rather, the sum of squared
long as there are some normal flow measurements in yigarences of the depth values from a mea& 1
the direction of the appropriate copoint vectors, we can

setup alinear least squares minimization to estimvate Z (fi “Nj — Uret(@) - Ny 1>2

(8)

Specifically, at points with suitable normal flow direc- _ Ue (@) - 1, b
tions we have equations ' " '
Approaches that directly evaluate variations of esti-
o Vep ( 1 (X 1) x r)T> w mated depth (or inverse depth) include (Brogskal.,
Vel \IIVepll 1988b, Horn and Weldon, Jr., 1988). However, depth
estimates may present a numerical problem, since for
that are linear inv. Thus, theoretically the 3D motion many measurements the depth estimate is unreliable
can be estimated by fitting, for every candidate trans- due to division by a small - n. Thus we can either
lation, the best rotation and checking the size of the ignore many measurements where the depth estimate

residual of the fit. is unreliable, making comparisons between different




translations difficult, or, alternatively, we have to deal
with numerical instabilities. We choose a third possi-
bility, defining a whole family of depth smoothness
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which is a set of three linear equations for the three
elements of.
Substituting (10) (or the solution of (11)) into (9),

measures that includes the variance of estimated depthwe obtain®; (i, &, R), a second-order function .

as well as many other measures.
In regionR we compute

O, @, R) =) W (ri N — Ure(@) -
i

1 R 2
— (T)(Utr(t) : ni))
Z

where ¥ Z is the depth estimate minimizing the mea-
sure, i.e., not necessarily the meaz1

By settingW = 1/(ux(%) - n;)2 we obtain (8). An-
other natural choice %V, =1. Then®y becomes the
sum of squared differences between the normal flow

(9)

Notice that the computation can be performed symbol-
ically even whenw is not known. This allows us to use
the same equations to obtain both the rotation and a
measure of depth variation.

To estimatev, we sum up all the local functions and
obtain a global function:

Ot @) =) o1t @.R) (12)
R

Finally, global minimization yields the best rotation
w and also ameasure of depth variation for the apparent
translationt:

measurements and the corresponding projections of the

best flow obtained from the motion parameters. This
measure has been used in Mendelsohn et al. (1997).

With different choices oW, we can give greater
emphasis either to the contributions from the copoint
vectors (thatis, the vectors perpendicular to the transla-
tional component), which are independent of depth, or
to the vectors parallel to the translation, which are most
strongly influenced by the depth. Aslong as we Kéép
bounded, criterion (9) nicely combines the contribution
of the two perpendicular components. In our algorithm
we use two sets of weights to achieve different numeri-
cal properties for the estimation of different parameters,
as will be discussed later in the paper.

We first minimize®, with respect to 17. The best
inverse depth is

1

~

4

S WG - N — Urot(@) - i) (Uge (F) - i)
> Wi (g (@) - ni)2

If more precision is required (in our experiments
with small patches, the constant approximation worked
quite well), we can model the scene patch by a general
plane and use a linear approximatiofZl=z - r (note
that the third component ofis a constantf, soz - r
is a general linear function in the image coordinates).
Then we have

000t &, R)
9z o

(10)

D W@ ) Uy ®) - )i
— D Wi(Fi - — Uge(@) - 1)

x (Uy(@) -n)ri =0 (11)

() = minO,(t, @) (13)

The computation ob (f) involves two separate steps.
First we estimate the best rotatiérand then we evalu-
ate the global variability measure for the motion).

In these two steps we choose different weighfsin
the function®g.

To estimate the rotation, we use one set of weig¥ts
defining®, and subsequenti®; and®5. The rotation
is computed as

@o = arg min@jy(t, @)

which amounts to solving an over-determined linear

system in the unknowtdg. We also definegdq using

a different set of weight®\;. Functions®; and ®,

are derived from®g and the global depth variability

function @ (f) becomes
o) = O, @o) = @z(f, arg min @), a))) (14)

Now we need to describe our choices of the weights.
The best sources of information abalitare the co-
point measurements, as they are independent of depth.
Consequently, the copoint vectors should have more in-
fluence on®q. However, the use of only these vectors
would amount to direct evaluation of the depth vari-
ance, which means that in (8) the weighting factor for
the copoint vectors tends toward infinity.

To prevent numerical instability, the weights
W/ should certainly be bounded. For the rotation
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estimation part, we use

1
= 15
" co2yi 4+ A (15)
wherey; is the angle betweem, (t) andn;, andx is a
small positive number.

After we use the weight8V’ to obtain the best ro-
tation from ®5, we need to evaluate a global depth
variation function to obtairmb (t). As we need to com-
pared (t) values for different directions of we choose
constant weights

W =1 (16)
Then the contribution t@ (t) of a single normal flow
measurement is

1 ) 2
(fi ‘N = Upet(@) - Ny — <E)(Utr(t) . ni)>

However, it is not necessary to re-derivg for all the
image regions as we need to compute the chan@g of
only for the regions that are segmented.

To find the minimum of® and thus the apparent
translation, we perform a hierarchical search over the
2D space of epipole positions. In practice, the func-
tion @ is quite smooth, that is small changed igive
rise to only small changes ih. One of the reasons for
this is that for anyt, the value ofb (%) is influenced by
all the normal flow measurements and not only by a
small subset.

Furthermore, as explained befod(t) is computed
only when the residual of fitting the copoint vectors (7)
is small enough. A comparison of the copoint resid-
ual with ®(f) is given in Fig. 3. The copoint residu-
als give a very imprecise solutioi222 —85) in im-
age coordinates) when compareddat) (minimum
at(397, —115), but we can use them to quickly deter-
mine a smaller region (or a small number of candidate
regions) that most probably contain the solution.

and has a clear geometrical meaning; it is the squared = FOf mostmotion sequences, the motion of the camera
difference between the normal flow and the correspond- A0€S not change abruptly. Thus the translation does not
ing projection of the best flow obtained from the motion change much between frames and'a comple_te search
parameters. More importantly, such squared errors canN@s t0 be performed only for the first flow field. In

be easily compared for different directionstof the successive flow fields, we can search only in a
smaller area centered around the previously estimated

translation.
3.3. Algorithm Description

The translation is found by localizing the minimum of
function ®(t) described in (14). To obtaid (t):

3.4. Patch Segmentation

Given a translation candidate minimization of the

1. Partitiontheimage into smallregions, in eachregion function@&(f, @) (without any segmentation) provides
compute@()(f, @, R) using (15), and perform local  an initial estimate of the rotatiaf. Subsequently, we
minimization of Z (the computation is symbolic in
the unknown elements df). After substitution, the
function become@’l(f, @, R). At the same time,
compute®y and®; using (16).

. Add all the local functions@’l(f, @, R) and min-
imize the resulting®,(t, &) to obtain &. Also
add®;({, @, R) to obtain®,(t, &).

. Estimate depth using, & and perform patch
segmentation.

. Taking the segmentation into account, update
both ®; and ®), use ®, to compute a better
rotational estimate, and the updated then pro-
vides® (%).

(a)

(b)

Figure3 Two translation evaluation functions for the lab sequence.

Afterth tati teth (a) Residual of copoint measurement fitting (notice the ruggedness
erthe segmentation, we recompute the ermor mea- ¢, function). (b) Functior (f) with no depth segmentation ap-

sure by enforcing low depth variability only withinim-  plied. For display purposes both functions are shown after logarith-
age regions that do not contain depth discontinuities. mic scaling.
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compute inverse scene depth using (4). The problem of
finding depth discontinuities can also be formulated as
the problem of finding edges in the depth image. How-
ever, we cannot directly use standard edge detection
algorithms, because the data is sparse (we only have
useful normal flow measurements at points with suf-
ficiently high brightness gradient in the initial image)
and the reliability of the depth estimates varies with
the angley between the normal flow direction, and

the direction of estimated translational flaw(t). We
thus usg cosy| as the reliability measure.

To better deal with sparse data of varying reliability, (a)
we apply aweighted medianfilter (Cormen etal., 1989)
to the estimated inverse depth image. At each point we
either have no data, or a depth estima}.’é Jand a
weight| cosy|.

Consider a small neighborhood of a point containing
measurements/Z; with weightsw; . The result of the
weighted median filter is the depth Z, such that

> wi

1/2j<1/2

> wi

1/2i>1/2

IA

%Zwi and

1 (b)
22 v

IA

After median filtering, we apply a morphological
growing operation. If there is no data available at a
point, but there are some measurements (or data gen-
erated by the median filter) in its neighborhood, we
store the weighted average of such measurements for
that point. Note that we only add new data but do not
change any previously available measurements.

A modified Canny edge detector is used to detect
depth boundaries. After Gaussian smoothing and gra- (c)
dient eSt.Imatlon’ we setto zero 'Fhe gradlen'F magnitude Figure 4 Patch segmentation for one frame of the lab sequence.
at all points where the smoothing or gradient opera- (a) Estimated inverse depth using the best motion estimates be-
tion involved a point with no available data. This pre- fore segmentation. The gray-level value represents inverse estimated
vents detection of edges between areas with data anddepth with mid-level gray shown in places where no information was

areas with no data, as such edges are obviously notavailable, vyhite representing positivg 2L and black representing
useful negative ¥Z. (b) Depth image after median filtering and morpholog-

. . . ical growing. (c) Depth edges (drawn in black) found for the correct
After the removal of spurious gradients, the mostim- translation, overlaid on the computed depth. Increasing gray-level

portant depth edges are obtained by the usual thresh-prightness represents increasing estimated depth. White represents

olding and non-maximum suppression. The edge de- areas where no information is available.

tection results for the lab sequence are shown in Fig. 4

for the correct translation and in Fig. 5 for an incorrect tribution to @ (). Ideally, an image patch should be

translation. segmented if it contains two smooth scene surfaces
Individual patches are segmented based on the edgeseparated by a depth discontinuity and the depth is es-

image. By segmenting a patch, we decrease its con-timated using the correct 3D motion. It would be the




240  Brodsk, Fernilller and Aloimonos

# /- = L
l‘z i 5 %“ I
+ 0 | el
3\ T T e ;E E
.{,‘:nr-‘-‘\!wm 5
e -
oA
P -
AN s = L
(a) (a) [ ;
J b w “ta s
"o ww v
~ -t
h i r = fo“‘:
%rr‘i\hgtdf\'mf‘ =5
: L
T . -
x.w"‘“"\‘;—’“‘“‘ N _ N T‘- Ie ?‘\1
( L
& [ Al

(b)
Figure 6. Detected depth edges (from Fig. 4) and all the image
regions that were segmented by our algorithm. Each segmented patch
is shown as a square; different gray-level values represent different
parts of the segmented region. (a) and (b) show the results for the
two overlapping sets of initial image regions.

mate, since the distortion depends on the normal flow
direction).
In our implementation the initial image regions are
10 x 10 pixel squares. We use two sets of overlapping
regions, one set shifted by 5 pixels in both thand
(c) y directions with respect to the other. Figure 6 shows

Figure 5 Patch segmentation for the same incorrect translation as Image regions that were aCtua”y SeqmentEd based on

inFig. 1(c). (b) Depth image after median filtering and morphological the edges Compl-'ted inFig. 4. Compare the re§UItS with
growing. (c) Depth edges. Fig. 7, showing segmented patches for the incorrect

translation.

This strategy can be expected to yield good patch
best not to segment any patches that have no depthsegmentation. When the motion estimate is correct, the
discontinuities, but this, of course, cannot be depth estimates are also correct (except for noise), and
guaranteed. patches with large amounts of depth variation contain

We use a simple segmentation criterion. If the depth discontinuities.
edge detection algorithm finds an edge that divides For incorrect motions, the distortion factor depends
an image region into two coherent subregions, we on the direction of normal flow. While for any patch a
split that region. On the other hand, we do not splitting of the depth estimates into two groups de-
split regions containing more complicated edge struc- creases the error measure, it is highly unlikely that
ture (as may be expected for a distorted depth esti- the two groups of measurements define two spatially
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Figure 7. Depth edges and segmented image regions for the incor-
rect translation shown in Fig. 5.
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Now consider the important case of a translafion
thatis close to the true solution. Computatioitaises
information from the whole image and when we ignore
depth discontinuities in the first stage of the algorithm,
we may bias the solution. However, the bias is limited
by giving more weight to the copoint measurements
(these are independent of scene depth), and for many
scenes most of the image regions correspond to smooth
scene patches, so the bias should not be large. Given
approximately correct motion parameters, most of the
depth estimates are also approximately correct, with the
exception of some small regions (whose positions are
determined by the true and the estimated translation).
Since the depth estimates are approximately correct we
should be able to detect significant depth discontinu-
ities, and these are the ones we are interested in.

3.5. Algorithm Analysis

In the following analysis the depth variability measure
is compared to the measure used in epipolar constraint
minimization. In particular, we analyze the depth vari-
ability measure for a single image region and show
that it can be decomposed into two components, one
component which measures the deviation of the patch
from a smooth scene patch (that is, a fronto-parallel
plane in our analysis), and a second component which
constitutes a multiple of the epipolar constraint.

coherent separate subregions. Consequently, several Consider the functio®, in a smallimage regio.
edges can be expected in such a patch and it will not The vectorsiy (f) andu, (&) are polynomial functions

be split by the algorithm.

ofimage positiom and can usually be approximated by

The local results are used in a global measure and constants within the region. We use a local coordinate
occasional segmentation errors are unlikely to change system whereuy (f) is parallel to [10, 0]". Without

the overall results. For the segmentation to cause anin-

correct motion to yield the smallest(t), special nor-
mal flow configurations would have to occur in many
patches of the image.

One may ask whether depth segmentation using an

incorrect estimate of rotation (due to incorrect informa-
tion from regions with depth discontinuities) can actu-
ally improve the 3D motion estimation. The answer is
almost always “yes.”

We are primarily interested in the segmentations for
translations that are close to the true solution. A good

loss of generality we can write (in that coordinate sys-
tem)

ur() =[1,0,0]
Urot(@) = [Urx, Ury, O]T
ni = [cosyy, siny;, 0]7
Up = Fj - N

(17)

First, let us consider the problem of fitting the best
constant optical flow(uy, uy) to the measurements in

segmentation for such a candidate translation should R using the weight§\;, i.e., minimizing

lead to an improved solution. On the other hand, for
incorrect translations we do not really care about the

> W (un — Uy, uy) - my)?

segmentation as long as the patches are not split indis- i

criminately. The segmentation criterion enforces spa-
tial coherence to achieve this.

= ZVVi (Un, — Ux COSY; — Uy simpi)2 (18)
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To simplify the notation, we define As we show in the next section, if the optical flow
in the patch were estimated based on minimization of

Sc= Y. W cos v Sic = 2 Wi Uy, cosy; (18), thensu,, would represent the distance of the es-

Ss= Y. W cosy; sinyi Sis = Y W up, siny; timated flow f_rom the epipolar line. _

Se= Y W sir v, Su=Y W “ﬁi (19) Thus the first component in (25) is related to the

epipolar constraint and it depends on the 3D motion

The vector(uy, Uy) minimizing (18) is obtained by estimate, as well as on the gradient distribution in the
differentiating (18) and solving the following linear ~Patch. The second component in (2B}, represents

system: how well the scene is approximated by a plane and
it is independent of the 3D motion estimate. In classic

( Se 35) <UX ) — ( S"’) approaches, after optical flow is computed, the t&gm
S Ss Sus is not considered any further and the estimation of 3D

motion parameters is based only on the distance from
the epipolar line. Here we keep this term and utilize it

Uy 1 S —S\ /S for segmentation.
<uy> ScSe— %< Se Se ) ( Sus> (20) In addition, in contrast with other approaches, in our
measure the distance to the epipolar line appears in
and the minimum error is combination with a function describing the gradient
distribution. Thus by studying the statistics of this func-
SﬁcScc+ 535553_ 231C3135bs) tion insight can be gained which might be exploited in
21) algorithms for 3D motion estimation and segmentation.
However, in this paper we have not attempted such an
Using the notation (17) we obtain by substituting analysis; we only qualitatively describe this function
into (9) and mention that it is closely related to the bias one
2 would obtain when estimating flow on the basis of im-
Oo= ZWi (uni — Uy COSY/; —Upy SINY; —i cos¢i> age derivatives (Feratier et al., 2000).
i Z 32) Consider the expression

It can be verified thati only shifts the best A2, SeSss — Scs
but does not influence the final measure. Thus we can S

setury to zero without loss of generality and expangl ( 3 co2 i ) ( 3 sir? 1/,.) _ (Z' cosY; siny )2
to _ i i i i i i i
> cof Y

We obtain

1
Br=Sw—g g~ %(

1 (26)
O = Su+ UrySss+ ( ) Sc— 2Uy Sis

Applying the Cauchy-Schwartz inequality to the nu-

_ Zi Sic+ 27ury Sis merator, we see that expression (26) is non-negative and
Z can be zero only ifthe sequenceswin . . ., siny,, and
S . cosyn, ..., oSy, are proportional. Clearly, that can
Minimization of @ yields happen only if all the normal flow directions are par-
1 Se—UvSs allel. Also, expression (26) cannot be arbitrarily large,
3= Try (23) even though we divide b&.. SinceS% > 0, we have
C
et _SSe %oy
Uy = Uy + Uy (24) S s—= TR
Measure®; is obtained by substituting (23) in®. whereNy, is the number of measurements in regfon
Using (21) it can be written as Infact, expression (26) measures the range of normal
flow directions within the region. If a region contains
S Ss— SCS only a small range of directions, it may not provide reli-
O1= 5ury + Er (25) able information for all candidate translations and (26)

Sec
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will be small for such a region. On the other hand,  Again we use the coordinate system and notation of

(26) will be large if the region contains a large range (17). Suppose that the flow vectohas been obtained

of measurement directions. by minimization of (18); write it aguy, uy). Substitut-
Compared to the epipolar constraint, the depth vari- ing into (29) we obtain

ability measure for smooth patches emphasizes regions

with larger variation of normal flow directions and can ~ ((2 x Ug(1)) - (F — Urot(@)))?

2 __ 2

thus be expected to yield better results for noisy data. U (B) )12

Finally, let us examine the behavior 6f; for a (30)
smooth scene patch. For a fronto-parallel patch, ig-
noring noise, we gefEr = 0 and the estimate(y, uy) Equations (30) and (25) illustrate the relationship

is equal to the true motion field vector. For any trans- petween the epipolar constraint (for the general case
lation, we can make; zero by choosing a rotation  ysing non-standard weights to estimate flow) and the
that yieldssuy, = 0. But the rotation is not determined  smoothness measu@s.
locally! To summarize, for the function®; that we

For the correct translation, we should estimate the minimized, we showed that at an image patch
correct rotation and obtain zef®; for all the smooth ®,=C gurz + Eg, with Ex the error of the least squares
patches. Now consider an incorrect translation candi- fit tg the image measurements of an optical flow cor-
date. It is easy to find a rotation that makes zero responding to a linear scene depth,, the deviation
for one or several smooth patches. But if we are able from the epipolar constraint ai@la factor that depends
to find a rotation that yields zex®, for many different  onjy on the positions and the directions of the normal
patches, this means we can obtain exactly the same mo+ow measurements in the region. The larger the varia-
tion field for two different 3D motions, and the scene  tjon in the normal flow directions, the larg€ris, thus
(orlarge parts of it) has to be close to an ambiguous sur- gjying more weight to regions where more information
face (Brodsk'et al., 1998a; Horn, 1987). Thus except s available. In a smooth patch (i.e., an image patch cor-
for ambiguous surfaces we should obtain the correct responding to a smooth scene patdi) =0, making
3D motion if most of the regions used correspond t0 the minimization of®, equivalent to weighted epipo-

smooth patches. lar minimization, although with weights different from
the ones used in the literature; but for a non-smooth
3.6. The Epipolar Constraint patch where the optical flow computation is unreliable,

Er # 0 and this statistical information was used here
The depth variability measure is closely related to the to find depth boundaries.
traditional epipolar constraint and we examine their re-
lationship here. In the instantaneous form the epipolar

constraint can be written as 4. Uncalibrated Camera and Self-Calibration
(Z x ug()) - (F = Upet(@)) =0 (27) Throughout the paper we have assumed a calibrated

imaging system, but the results and algorithms are also

applicable when the camera calibration is not known.

In this section we review the influence of the intrinsic

camera parameters and discuss the modifications that

Z((z X U () - (F — Uror(&)))2 (28) have to be made to the algorithm to account for the

additional unknowns.

Usually, the distance of the flow vectbrfrom the
epipolar line (determined hy, (t) andu,o(&)) is com-
puted, and the sum of the squared distances, i.e.,

is minimized.

Methods based on (28) suffer from bias (Daniilidis
and Spetsakis, 1997), however, and a scaled epipolar4.1. The Depth Variability Criterion
constraint has been used to give an unbiased solution: for an Uncalibrated Camera

Z (@ x ur®) - (F = Uran(@)))? (29) In this section we consider a standard uncalibrated
[lug (512 pinhole camera with internal calibration parameters
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described by the matrix the plane at infinity and it cannot be obtained from a
single flow field. Finallywy can be computed from the
fx s Ax condition traceA = 0.
K=|0 f, Ay Also, due to linearity, we have
0 0 F

Wo(A) = Ul (Ac) + Ul (W) + wouly, (1)

The coordinate syste® XY Zis attached to the cam-
era, with Z being the optical axis, an# a constant

we can choose and use as+ the third coo.rdmate of thei.e., the rotational flow due t4 is equal to the trans-
image point vectorsy, y, F]'. Note thatF is not the

focal lenath of th i focal lenath and th lational flow of a certain scene plane.
ocallengtn ofthe camera, tn€ realtocallengthandthe ;e sequel,is used to denote an estimate of the ap-
aspect ratio are encoded fg, fy.

A nRi . d he | . parent translatioit andA. denotes an estimate of the
scene poinR is projected onto the image point copoint matrixAc. We useto,(Ac) instead ofuro(@)

1 _
= Upi(Ac) + E(W' Uy (t)

KR in (9) to obtain
r= = (32) o
R-2 Oo(. Ac. R)
The cameramotion is again (2). The image motion field . oo 1 R 2
is then (Brodsi et al., 1998b) =D W <ri "N = Urgt(Ac) - Ni — <E)(Utr(t) : ”i)>
i
1 34
I =————F-(2x (Kt xr)) (34)

FR-2 . .
( ) In the calibrated case, the rotational component of

n i(z x (F x (K[w]K~r))) f can be compensated for completeAIy. by the correct
F w. Here, the unknown parameters Anintroduce a

component of the image normal flow, in the form of

(W-r)uy(t), that cannot be expressed as parl.’rgt/f\c).

We therefore have to use a linear fit to the scene inverse

whereZ is used to denote the scene de® 2) and depth ¥Z = (z-r), i.e., define®; using the solution of

[w]« is the skew-symmetric matrix corresponding to (11). Thenz incorporates the unknown rotational pa-

- %utr(Kt) + Ul (K[w]  K™h (32)

the cross product with vectos = [a, 8, y]": rametersy and the resulting depth variation criterion
is independent of the rotation.
0 -y B Minimization of ® with respect ta yields linear
[wlx=1] ¥ 0 —« equations analogous to (11). Also, the functighg
B« 0 ®,, and® can be defined exactly as in the calibrated

case. All the computations can still be performed sym-

The translational component of the field is identical to Polically; instead of three componentsdive need to
a calibrated translational field with translatiih. The work with five components oA.. .
rotational component,, is slightly more complicated The algorithm in Section 3.3 can be used with only

in the uncalibrated case (compare (32) and (3)). a minor modification. In the patch segmentation part

The flow u), is determined by the matrix of the algorithm (see Section 3.4), we need to take the

A =K[w]«K~! with seven degrees of freedom. As unknown linear component of depth into account. This
shown in (Brodsk et al., 1998b), for a given trans- {€rm cannot be estimated, but to improve the edge de-
lation, matrix A can be decomposed into tection process, we add a linear function to the inverse

estimated depth so that the average depth in different

A=A +A =A.+Fiw + wl (33) parts of the image is approximately the same.

Matrix A (also called the copoint matrix) depends 4.2. The Relationship to the Epipolar Constraint
on five independent parameters and is the component
of A that can be estimated (together with the direction We show that the relationship (25) can be generalized
of Kt) from a single flow field. The vectav determines to the case of uncalibrated cameras. The analysis is
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almost identical; we only need to assume that instead Thus we have a relationship analogous to (25). The
of a constant function, a linear function is used as the depth variation measure is the sum of a compotignt

inverse depth of an image region. that evaluates whether the depthin the region is smooth,
We again use the notation (17), the only change being and a scaled epipolar distan@eSurzy.
Urot(Ac) = [Ur, Ury, O]T. We can then rewrite (9) as Again, factorC in (38) depends only on the geomet-
ric configuration of the measurements within the re-
B = Z W, (uni — (z-1j) COSY; gion. The complete analysis is complicated by the fact
i thatC also depends on the point positions. One sim-
— Uy COSY; — Upy sinxpi)z (35) ple observation is the boundednes€omatrix M is
positive definite, so 8 C <mgs< ), Wi.
Note that u, can be incorporated int@ (writ- To see that (38) is indeed a direct generalization
ing Z=z+[0, 0, uy/F]T) and we thus obtain the ©Of (25), assume that all the measurements are taken
same minimum for the simplified expression: at a single point. Then we can only solve for one com-

ponent of the vectar and consequentM .. simplifies
Oo= Z Wi (Un, — (Z- i) COSYi — Upy Sin 1/fi)2 (36) into Sc andmcs becomesSs.
i

Now consider the least squares estimation of optical 4.3. Self-Calibration
flow in the region using the weight4/. Allowing lin-
ear depth changes, in the local coordinate system weSo far we have shown how to estimate the apparent
fit flow (uy - r,uy), i.e., a linear function along the translationt and the copoint matri¥A.. To perform

direction ofug(f) and a constant in the perpendicular camera self-calibration, and thus subsequently derive

direction. We minimize structure, we can use the method developedin (Brpdsk”
et al., 1998b), combining the partial information as-
Z W, (Uni — (Ux - ) COSY; — Uy Sin wi)z (37) suming thatthe internal camera parameters are constant
i

throughout the image sequence.

) . . According to (32), the rotational component of the
Expressions (36) and (37) are almost identical, but ,4tion field is determined by matri& = K [w], K 1.
there is one importantdifference. The optical flow mini- - p1trix [w].. is skew-symmetric, i.e.uf] . + [w]T =O.

mization (37)is strictly local, using only measurements s js the constraint that we use, expressed in terms
from the region. On the other hand, in (36), the rota- ¢ k andA:
tional flow (ur, Ury) is determined by the global motion
parameters.

Let us denote the least squares solution of (37) by
(0, Gy) and the residual br. After some vector and
matrix manipulation we obtain

K~AK + (KAK)T =0 (39)

Suppose we have a set of copoint matridgsand
based on (33) we write
01 = (Mss— MIMtmes) su2 + Ef = Csu? + E PO .
1= (e Mz s tA i Jr(38F) Ai =Ag + FHw' + wgl

where . .
We solve forwg using traceA =0 and obtain

Mss= Y WESiPyi, mes= Y W cosy; sinyiri,
> Z I wl * Z I I//I WI I Ai = Aci + Ff|WIT — % trace (Aci + Ff|WIT)|

Mee = ZWi COS2 xpiririT

i Also vectorsw; are unknown and appear only to the

first order inA;. Thus we can minimize

andéur, = ury — Uy is the difference between the glob- A .

ally determined rotational componemy, and the best IK™HADK + (KTHADK)T |2

local optical flow componenty. Both of the compo-

nents are in the direction perpendicular to the transla- with respect tow; (solving a linear system) and after

tional flow andsu,y is therefore the epipolar distance.  substitution obtain an error measure vittas the only
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unknown. The final error function is the sum of partial problem, Euclidean model construction is feasible, if

errors: we allow batch processing techniques and provide suf-
. . ficient computing power.
EK) = Z IKYTAHK + K2AHK)T|?2  (40) The image measurements we make are based on the
i

brightness constancy assumption—the brightnesses of
the projections of the scene points do not change over
time. If we extend the brightness constancy assump-
tion to many frames, we obtain a simple idea that
has been utilized in several different forms (Faugeras

Levenberg-Marquardt minimization is used to mini-
mize £(K) and to obtain the calibration parameters.
For details, the reader is referred to (Brogsk al.,

1998b). and Keriven, 1998; Seitz and Dyer, 1997; Szeliski and
Golland, 1998). Considering a point in the scene and

5. Construction of Scene Models its projections onto all the camera image planes (for the
from Multiple Frames cameras that see that particular point), all the bright-

ness values should be the same. This provides a con-
Given a video sequence, one can obtain a set of in- straint linking the camera positions and the scene point
stantaneous camera motion estimates as well as scen@ositions.
structure estimates. Considering a single flow field, ap- More reliable results can be obtained by con-
proximate information about the shape of the scene cansidering scene surface patches instead of individual
be recovered, allowing us, for example, to distinguish scene points. The brightness constancy constraint is
between close and far scene patches. To obtain accuthen closely related to the usual cross-correlation ap-
rate models of the scene, it is necessary to combine proaches used in stereo algorithms. Utilizing brightness
information from many flow fields so that sufficiently = constancy (for points and/or patches), we can view the
different scene views can be related and utilized. Essen-task of model construction as a numerical minimiza-
tially, this is a form of the multi-camera stereo problem. tion problem over many variables—the camera mo-
We have many views of a static scene and we would tions and the 3D scene structure. Clearly, the compu-
like to recover the scene structure. tational requirements would be extremely high for an

In this particular situation, however, there are some “everything-at-once” approach that would try to utilize
important differences compared to traditional stereo. all the available information. The problem is further
First, we have a dense sequence and image featurezomplicated by issues such as occlusion and changing
move very little between successive frames, requir- lighting conditions for widely disparate camera posi-
ing sub-pixel accuracy for the disparity estimates. This tions. In addition, integration of the motion parame-
could be alleviated by skipping frames and thus consid- ters over many frames may lead to significant camera
ering views that are further apart. Second, in traditional position errors.
stereo algorithms the camera positions are assumed to More feasible is a hierarchical approach, where short
be known. Here, the camera positions are obtained by sub-sequences are considered first and the partial re-
integrating the instantaneous velocity estimates, lead- sults are later combined to construct a complete scene
ing to unavoidable errors. Fortunately, itturns outthata model. This section studies the problem of “linking” a
lot of redundant information is available and it is possi- short sequence of frames, usually between 20 and 40
ble to not only estimate the scene structure, but also to frames long. We construct a model of the part of the
correct the camera position estimates to obtain a more scene visible in the sub-sequence and we also correct
consistent solution. the estimated camera motions.

The general approach taken here is not concerned We need to choose enough frames so that sufficiently
with perception, i.e., we are not studying representa- different views of the scene are available, thus making
tions that could be extracted in real time by a moving the problem more stable. On the other hand, not too
human observer. In fact, it is known and can be ver- many frames should be used due to computational re-
ified experimentally (Foley, 1980; Tittle et al., 1995) quirements. In addition, for a short subsequence we do
that human observers do not obtain Euclidean mod- not have to worry about occlusion and significant illu-
els of their surroundings. Rather, the motivation comes mination changes. For example, a scene model can be
from the need to construct models for use in Com- constructed that only represents scene surfaces visible
puter Graphics or Virtual Reality. As a computational from the middle frame of the sub-sequence.
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The method presented in Section 5.4 can be thought We denote the successive camera positions corre-
of as a differential equivalent of the often-used bun- sponding to the input images B =KR (I | —=T}),
dle adjustment (Hartley, 1994), a numerical optimiza- whereRo=1andTo=0, i.e., the first camera position
tion that minimizes the distances between the estimatedis at the origin of the model frame.
feature points and the re-projections of the recon- How are the projection matrices related to the
structed points. In the current literature (Beardsley instantaneous motion estimates? Consider a cam-
etal., 1996; Fitzgibbon and Zisserman, 1998; Pollefeys era displaced byR;, Ti) and the velocity estimate
et al., 1998) dealing with motion and scene estimation (tj.1, wj1) for that camera.
based on point correspondences and the discrete motion The rotational velocityw; 1 represents the rotation
model, most algorithms use bundle adjustment either matrix €%+l =1 + [wii1]x + L[wia]? + - ~
as the final step, or intertwined with other steps of the | + [wj 1]« . Since our method works with dense video
algorithm. sequences, the rotationalvelocity is small and we can

omit higher-order terms in the expansion. Then

5.1. Coordinate Systems

Riy1 = (I + [wit1]OR; (42)
We assume that the scene is static and that the intrinsic
camera parameters are known, either beforehand, or The translational velocity;, is measured in the
from self-calibration. The motion estimation method coordinate system rotated by matRx and can be re-
provides the instantaneous camera motion for each suc-covered only up to scale. Therefore
cessive pair of frames, plus a partial scene model (in
the form of depth estimates at some pixels) obtained Tiri=Ti +sRitiys (43)
from normal flow measurements.

During motion estimation, we use a coordinate sys- for some unknown scale factgr The scale factor can,
tem attached to the camera, and both the camera mo-as discussed in Section 5.2, be recovered by assuming
tion and the recovered scene information are computed that all the cameras view the same scene.
with respect to this coordinate frame. In order to build
the scene model, we need to represent all the infor-
mation in a common coordinate system. Initially, we
compute all the camera positions with respect to the
first camera. Once all the relative camera positions
are known, we can easily transform the data between
coordinate systems. To build the model of the scene,
we use the coordinate system (called the model co-
ordinate frame below) of the middle camera position.

5.2. Finding the Translation Scaling

The cameratranslational velocity can be recovered only
up to scale from two frames, due to the inherent ambi-
guity between the size of the translation and the scale
of the scene. That is, when the translation is multiplied
by a constant, all the depth estimates are multiplied

We choose the middle frame rather than the first frame, by t.he same constant and the |.mage mgasurements re-
: main unchanged. Two successive flow fields in a dense
because the accumulated errors between the middle

. video sequence correspond to two very similar views of
frame and the first and last frames are smaller than the .
: the scene. Thus, from the depth estimates of both flow
accumulated errors between the first and last frames.

Anv camera positionin the sequence can be relatedtoﬁelds' the relative size of the two translations can be
yce P . quen - computed, leaving the scale as the only unrecoverable
the starting camera position by a (discrete) rigid trans-

. . : . variable.
formation. In this section, motion composed of a ro- :
) . . To improve robustness, we do not compare only suc-
tationR and a translatiofl transforms scene poi

. . . ive flow fiel [ Il il i -
into pointRM + T. Itis well known that for the case of cessive flow fields, but mcreme_nta y bui d an image

. . L based depth map of the scene, i.e., an estimate of scene
a moving camera with calibration matri, the 3x 4

projection matrix can be written as depth at imgge pix_els V\/Ahere measuremgnts are avail-
able. A motion estimatét, @), together with a scene
P=KRT(I|=T) (41) depth estimat& at an image pixel, allow us to estimate
the full flow at that pixel as well as the change in depth
wherel is a unit 3x 3 matrix,R is the rotation matrix between successive frames. The depth map can thus be
andT is the translation vector that transforms the model transferred to provide a prediction of the depth for the
frame to the camera coordinate frame. next image frame.
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The following algorithm uses as input the instanta- expressed as a function of, the camerd@; and the
neous camera motions between successive frames, thatlepthZ as
is, the rotation and the direction of translation for each
pair of successive frames, and it recovers the relative
sizes of the translation vectors. A very accurate solu-
tion is not required; we only need a reasonable initial
solution that can be corrected by the iterative adjust-
ment algorithm. Because a single number is estimated
from many image measurements at each step of the

M=RKZm+T;.

If we projectM onto the other camerad, we obtain
points

algorithm, its performance is very good.

FKRE(M —Ty)

Mk = (KRT(M —Ty)-2)’

1. Fix the overall scale by setting Denoting the brightness afy by Ex, we can express
[tall =1. the brightness constancy error as

2. Compute instantaneous depth for motion
(11, w1) and use it to initialize the E— Z(Ej — B2 (44)
depth map. ™

3. Set i =1.

4. Transfer the depth map using the Of course, we do not have to limit ourselves to single
motion (tj,wj) to obtain a predicted points; we can instead estimate the deviation patch-
depth map. wise. In the simplest case, the error for a patch is the

5. Increment I. sum of the point-wise errors (44) for all the points in

6. Compute instantaneous depth for motion it.

(L, wi). When minimizing the brightness constancy error to

7. Each pixel where both the predicted find the depths of scene points, the valueE pandEx
and the current depth estimates are in (44) should at least be close even if there are some
available provides one linear equation errors in the estimated camera geometry. However, due
for the translation scaling factor. to occlusions, the tested point may not be visible in all
Solve all the equations by least image frames and consequently the error function may
squares (throwing out outliers). become large even for the correct scene point. Instead

8. Update the depth map using of straightforwardly computing the sum of squares, we
Znew= & Zpredicted+ (1 — &) Zeurr with o <1. also choose a thresholl for the maximum bright-

9. Go to step 4, unless all the frames ness difference and larger brightness differences in the

have been processed.

sum (44) are replaced by the square of the threshold:

Once all the translation scaling factors are computed (45)
we have the camera projection matri€gand the prob-

lem can be treated as a multi-camera stereo problem.

E= Z min ((Ej — Ex?% T?)
k

To improve the solution and to correct accumulated er- .
rors in the camera positions, it is possible to first run

an iterative improvement stage.

In this error function the influence of occluded points
is reduced. This is of primary interest when the initial
depth map is being constructed. Once the scene model
is built, the occlusions can be explicitly taken into

account.

5.3. Multi-Camera Brightness Constancy

5.4. Iterative Adjustment
In this section we consider the brightness constancy
assumption generalized to many frames in a sequence.The error (44) is a function of the scene padiitand
We first consider a single scene pdintprojected onto the camera®;, or, alternatively, a function of the in-
image pointm by cameraP;. Denote the brightness  stantaneous velocity parametérsw; and the scene

of pointm by E;. The 3D position of poinM can be depthZ of the point.
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Ifthe camera positions were known exactly, we could patches. The texture in a triangle certainly contains
find the depth of poinM by minimizing (44) with re- more information than the brightness of a single point
spect toZ. However, we can think of (44) as a function and the recovered depth is thus much more reliable.
of many parameters, namely, all the translation and However, this approach would only work if the trian-
rotation parameters, and one depth parameter. Thengles did not cross depth boundaries; otherwise, erro-
we can also adjust the recovered motion parameters toneous results would be obtained.
improve the solution. Depth boundaries can be estimated together with

This is the basis of the method presented here. To the 3D motion; see for example Fig. 4. However, for
lower the computational requirements, only a small the purpose of motion estimation, we only had to
number of scene points (we used 300) are consideredfind boundaries that separated measurements on both
together with all the camera positions. The scene points sides of the discontinuity. In many cases, any boundary
are expressed by image coordinates in the middle framewithin a band a few pixels wide would be sufficient.
of the sequence plus a scene depth with respect to thatin addition, those boundaries are based on instanta-
frame. Therefore each point brings in one unknown (the neous flow, are not as reliable as necessary, and some
scene depth). We choose points where the brightnessdepth boundaries may not be detected at all because for
gradient is high, since such points provide the most that particular instantaneous motion, the depth at those
reliable information, and we also try to distribute the points is difficult to estimate. These problems, while
chosen points uniformly over the input image. not crucial for motion estimation, manifest themselves

First-order derivatives of the error function can be oncewe decide to create an accurate model of the scene.
computed analytically. The input images are smoothed In the sequel we describe our approach to model
by a Gaussian filter and we use bilinear interpolation construction and provide illustrations of the various
to obtain the brightness values at non-integer image steps in the approach. All the intermediate results are
positions. Levenberg-Marquardt minimization can be shown for the “flower scene” sequence (see Fig. 8). We
used to minimize the error function iteratively. use a combination of point-based and triangle-based

approaches, and while the models could certainly be

o improved by employing more sophisticated algorithms,
5.5.  Obtaining a Dense Scene Model the current results are very promising.

Once the camera positions have been corrected, one5 5.1 Initial Depth M For th ¢ model
can use many different algorithms to obtain the scene ¥~ n|t.|a epth Map. Fort '€ purpose of mode
model, including multi-frame stereo (Cox et al., 1996: construction, the depth boundaries cannot be recovered
Koch e't al.. 1998 Okutomi and Kanade 1993"Robe}t reliably enough from instantaneous flow fields. Since
and Deriche, 1996) and the level set approach (FaugeraéNe do not want to make smqothness gssumptlons (the
and Keriven, 1998). As explained above, we construct a areas Whe_re these assumpnons are violated tend to be
model with respect to the middle frame of the sequence. Clearly visible n th_e resulting model), we st_art the pro-
What we are interested in is estimating, for every point C€SS Py considering each pixel of the middle frame

in the middle image, the distance of the corresponding separately. . .
scene point from the middle camera Each pixel defines a ray in the scene and we search

Conceptually the simplest solution would consider for the scene depth (determining the position of the

each pixel of the middle frame separately and try to scene p_oint along the ray) that minimize; the thresh-
find the best depth for that pixel, yielding a cloud of olded brightness constancy error (45). To find the depth
scene points. Such a solution tends to be quite close to
the actual scene shape overall, butindividual points are _
not very reliable; many errors can occur due to varying |
object textures combined with small camera position |
errors, for example. !
For most scenes, rather than computing a cloud of | =
scene points, we would like to obtain the object sur- [
faces, for instance approximated by a triangular mesh. |
Thus we could choose a set of triangles and perform the
stereo search not for single points, but for the triangular Figure 8 Two input frames from the “flower scene” sequence.
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(b)

Figure 9 (a) An initial depth map obtained for the “flower scene” ] o
sequence. The gray-level value represents the scene depth, with whiteFigure 10 (a) Median filtered depth map. (b) Edges computed by
denoting large values (distant points) and mid-gray representing & modified Canny edge detector.

close points in front of the camera. Black would represent points
behind the camera. (b) The same depth map thresholded to remove
points with low variation in texture.

interval that needs to be searched for the given scene,
we utilize the approximate sparse scene model obtained
in Section 5.2, where we computed the relative sizes of
the translation velocities. While this model itself is not
very good, we can certainly extract from it the range of
depth values occurring in the scene. Figure 11 The initial triangular mesh covering the middle frame.
The initial depth map for the “flower scene” se-
guence is shown in Fig. 9(a). Notice that the shape
of the scene is recovered quite well, except in regions
of very low texture (white walls, for example). As the
next step, we therefore evaluate the variation of im-
age brightness in a small neighborhood around eac
pixel. Scene points corresponding to uniform intensity
regions are then discarded from the model, yielding a

pruned depth map in Fig. 9(b). To recover the shape of a that trian_gle. For e_ach triang_le that is inided by depth
white wall with no texture, we can obtain the depths on Poundaries found in the previous section, we make two

the boundaries and then, if a better model is required, copies of the triangle, “cloning” the vertices and setting

interpolate the depth measurements within uniform re- e masks onthe two copiestorepresentthe two sides of
gions. This step is not performed here. the depth boundary. Each new, cloned vertexis assigned

a depth compatible with the triangle it is associated
with.
5.5.2. Depth Boundaries and the Triangle Model. The splitting is illustrated in Fig. 12. The original
Since we are interested in appI’OXImatIng the recov- (Scene) triang|e ABC Crossing an edge boundary in

ered scene model by a triangular mesh, we need to findrig. 12(a) gets divided into two new triangles AB®d
the depth boundaries first. We apply a median filter to
the pruned depth map, obtaining Fig. 10(a) and then
detect edges with the Canny edge detector modified to c
handle missing data. A description of the edge detector
can be found in Section 3.4. The resulting boundaries
shown in Fig. 10(b) are then utilized to correctly split A B
the triangles. (a)

The triangular mesh is also computed with respect
to the middle frame. We cover the image with a regular Figure 12 (a) The initigl ‘(‘scene)"triangle ABC crosses an edge
triangular mesh as illustrated in Fig. 11. The triangle boundary. (b) Vertex C is “cloned” and the new triangle ASE

. " . assigned a mask (shown as the shaded area). Only the shaded points

vertices can be represented by two image coordinateSare valid in the new triangle. (c) Vertices A and B are “cloned” and
and one depth parameter. The depth of each vertex isthe new triangle A8'C is assigned a mask.

set to the average of the depths of the points in a small
neighborhood of the vertex.

The conversion from a depth map to a triangular
pmesh yields a single surface that does not respect the
depth boundaries. We therefore allow each triangle to

include a mask denoting the pixels that are valid in
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C 6. Experimental Results

We present experiments testing different aspects of our
method. In particular, the ability of our technique to ex-
D tract depth edges is demonstrated and its performance
A B in 3D motion estimation is shown. To allow the reader
Figure 13 When triangles ABC and BDC are split, the cloned 1O judge the accuracy of the results, a comparison be-
vertex C is shared by triangles ABGand BDC and the cloned tween the depth variability measure and the epipolar
vertex B is shared by triangles’&’C and BD'C. constraint is given. The results on the estimation of the
calibration parameters are shown, and 3D model re-
construction for a number of sequences is performed.
A’B'C. Both new triangles include a mask that denotes 14 demonstrate the estimation of the motion and cal-
the valid points in the triangle. ibration parameters two sequences are used: the lab se-
With a little care, when a depth boundary splits a quence, as shown in Fig. 1(a), and the Yosemite fly-
band of neighboring triangles, the triangle splitting can through sequence (one frame is shown in Fig. 15).
be done so thatthe surfaces on each side of the boundarysince the images of the latter sequence also show in-
are stiIIconnectgd. For_example, inFig. 13, the anacent dependently moving clouds, the image frames were
triangle BDC with vert|ces_B_, D on the same side of clipped to contain only the mountain range. Three
the boundary would be splitinto BDd.e., vertex C more sequences are used for 3D model reconstruction,
would be shared by triangles AB@nd BDC) and the “flower scene” (Fig. 8), the “headshot” sequence
another triangle B'C (i.e., vertex Bwould be shared (Fig. 19), and the “pooh” sequence (Fig. 26).

by triangles AB'C and BD'C). _ The normal flow fields computed throughout and the
The depth map obtained from the triangular mesh, as gptica flow fields needed in the comparison were de-
show_n in Fig. 14(a), nicely separates objects at differ- j,eq using the method of Lucas and Kanade (1984),
ent distances from the camera. Some parts of the depthys implemented in Barron et al. (1994) with a tempo-
map that are erroneous (due to lighting changes, for (5 sypport of fifteen frames for one normal flow field.
example) usually correspond to sudden variations in |n more detail the following steps are performed in
scene depth: If the mod(_al is to be combined with other ¢ estimation of normal flow: (1) The image sequence
models obtained from different subsequences, we canjs filtered with a spatiotemporal Gaussian filter, typi-
further improve it by removing the most slanted tri- cally with standard deviation sigma 1.5 and kernel

angles, yielding the depth map in Fig. 14(b). By re- gjze 11x 11 x 11 pixels. (2) The spatial and temporal
moving the slanted triangles, we remove model parts

that can probably be recovered more reliably from an-
other viewpoint. This can be advantageous when mul-
tiple short subsequences are combined to create a more
complete scene model.

Figure 14 (a) The scene depth obtained from the triangle model.
(b) The scene depth after the removal of excessively slanted triangles.
Because the range of the depth values changed after the removal, the
scaling of this depth map for display purposes was different from the Figure 15 One frame of the Yosemite sequence. Only the bottom
scaling of the previous depth map. part of the image was used.
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Table 1 Estimated epipole locations for
the Yosemite sequence.

Method Epipole

Ground truth (0.0, —1000)
Epipolar minimization (0.5, —98.8)
@ (f) (No segmentation) (2.4, —96.7)
@ (f) (With segmentation) (0.0, —1036)

derivatives are estimated with a 5 point symmetric ker-
nel1/12x (-1, 8, 0, 8, —1) applied to the blurred im-
ages. (3) Normal flow values are then computed di-
rectly from the derivatives, but only at points with high | :
enough brightness gradients. = @

. . . Figure 16 Comparison of recovered inverse depth for the lab
Experiment 1. In this experiment we evaluated the sequence using the epipole positions as estimated with the pro-

accuracy of 3D motion estimation. In particular, we posed algorithm and with epipolar minimization. (a), (b) Frame
compared our method using minimization based on 134. (2) Depth variation, epipole377, —125); (b) Epipolar min-
function @(f) both with and without segmentation imization, epipole(—612 256). (c), (d) Frame 142. (a) Depth vari-
and minimization based on the epipolar constraint ation, epipole:(483 ~123; (b) Epipolar minimization, epipole:
: PIp © (~153 18).

For the Yosemite sequence, both our method and
the epipolar minimization perform quite well. The ] o
known epipole location in the image plane was epipole position changes slowly for most frames.
(0, —100). The estimated epipole locations for the The exception is a short subsequence that corre-

different methods are summarized in Table 1. sponds to a sudden change in camera motion. For
Experiment 2. The lab sequence contains several sig-  S0mMe Of the problematic frames the camera motion
nificant depth discontinuities. For the majority of IS Predominantly rotational, making scene depth es-

frames our method performed better than epipolar ~ timation difficult. In comparison, the epipolar mini-
minimization. No ground truth was available, but mization results in Fig. 17(_b) are clearly less stable
we visually inspected the instantaneous scene depth  @nd many erroneous solutions are found.
recovered. Out of a ninety-frame subsequence an- EXPeriment 3. The lab sequence was taken by a hand-
alyzed with both methods, epipolar minimization held Pqnasonlc D5000 camera with azoom setting of
yielded 25 frames with clearly incorrect depths (i.e., ~ aPproximately 12 mm. Unfortunately, the effective
many negative depth estimates, or reversed depth focal length of the pinhole camera model was also
order in large parts of the scene). The performance influenced by the focus setting and we thus knew the
of our method was significantly better; only seven
frames yielded clearly incorrect depths.

Some failures of epipolar minimization are shown
in Fig. 16. For some frames, the recovered depth was
reversed, i.e., the background was closer than the| -
foreground, as in Fig. 16(b). In other frames, some | .
parts of the scene had negative recovered depth, as -
in Fig. 16(d), where the black regions correspond to | .
negative depth. @ )

To further demonstrate the superior performance
of our algorithm, we plotted the recovered epipole Figure 17 The evolution of recovered epipole positions over ninety

iti in the i th lved ti frames. (a) The proposed algorithm. (b) Epipolar minimization. Both
posiions In the iImage as they evolved over time. graphs show an identical part of the image planbétween-1000

The results of the proposed algorithm are shown ang 1000y between-400 and 400). The image size was 32240
in Fig. 17(a). The computation is stable and the pixels.

g ¥ 8 8

LI
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Table 2 Self-calibration results for the lab
sequence.

Frames fx fy Ax Ay s

001-300 536 522 16 26 3
001-100 541 543 -33 6 -25
101-200 544 475 26 —38 14
201-300 548 513 -11 8 6

intrinsic parameters only approximately. The inter- B8

nal parameters were fixed and were approximately |

fy = fy =450, Ay = Ay=s=0. The focal lengths
were slightly overestimated, but consistent for dif- &

ferent frames of the sequence. The calibration results J&

are summarized in Table 2. '
Experiment 4. The self-calibration results can be used

to build Euclidean models of the scene, but further Figure2Q Examples ofthe recovered instantaneous inverse depths.
research is needed to link the individual frames and
reliably combine the partial depth estimates in order
to create a volumetric model of the scene. Here we | &
present a reconstruction that shows the depth valuesis
obtained from a small number of frames.

No effort was made to find the exact depth bound-
ary positions; the depth boundaries are the ones
found during the motion estimation process. Two
views of the 3D reconstruction are shown in Fig. 18.

Experiment 5. Complete 3D model construction was Figure 21 Scene depth recovered by multi-camera stereo.
performed on three color video sequences acquired

in our lab: the “flower scene” sequence (see Fig. 8),

a video of a person’s head, referred to as the “head- self-calibration algorithms. Examples of the recov-

shot” sequence (see Fig. 19), and a sequence of a ered instantaneous inverse depth maps for the first

child’s toy (“pooh” sequence, Fig. 26). In all the two sequences are shown in Fig. 20. The multi-

sequences the intrinsic settings of the digital video = camera stereo algorithm described in Section 5 was

camera were unknown. First, the viewing geome-  then applied. The scene depth is estimated with re-

try was computed with the motion estimation and  spect to the middle frame of each sequence and the
middle view also provides texture for the 3D model.
The recovered depth in Fig. 21 shows the final depth
values of the triangle patches in the model. Two
views of the recovered 3D model with and with-
out mapped texture are shown in Figs. 22 and 23 for
the “flower scene” sequence and in Figs. 24 and 25
for the “headshot” sequence. Reconstructions for the
“pooh” sequence are shown in Fig. 26.

A further reconstruction was computed for the
Yosemite sequence and compared to the ground truth
data. Since this sequence is only fifteen frames long,
normal flow was computed with a modified algo-
Figure 18 ~Two views of a 3D reconstruction of the recovered depth rithm, using only two frames to estimate the temporal
combined from fifteen image frames. derivatives. We computed the global scaling factor
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o

Figure 22 Two views of mesh model of the “flower scene.”

Figure 23

Figure 24

Figure 25 Two views of the “headshot” 3D model.

which minimizes the sum of squared errors between
the reconstructed depth using the multi-camera re-
construction algorithm with triangular meshes and
the ground truth. Then we estimated the relative er-
ror E; at every point, that is, iZ; is the actual depth
valueﬁandZ the estimated depth value at point

E =4 > 4

Figures 27(a) and (b) show the reconstruction
with and without mapped texture. Fig. 27(c) shows
the relative error values;;, coded as gray values,
where zero error corresponds to gray value 127, un-

lighter, and Fig. 27(d) shows the same data after
histogram equalization. The statistical data of the rel-
ative error is as follows: me&k) = 0.002=0.2%,
stdev.(E) =0.108=10.8%, and skewnesk)=
2.07.

These and other experiments can be found on
the World Wide Webhttp: //www.cfar.umd.edu/~
brodsky/yardstick.html (the lab sequence) con-
tains the original lab sequence, which was taken by a
hand-held camera (calibration data unknown), the es-
timated location of the epipole for both our technique
and weighted epipolar minimization, scene reconstruc-
tion, and de-rotation (subtracting the rotation from
the original sequenc&jttp: //wuw.cfar.umd. edu/
“brodsky/reconst/reconst.html shows a recon-
struction of the original image on the basis of the re-
constructed scene for the lab sequentep: //www.
cfar.umd.edu/ brodsky/models.html Shows re-
constructions of the “flower scene” and “headshot” se-
guences, http://www.cfar.umd.edu/ "brodsky/
pooh-models.html shows the “pooh” sequence and
http://www.cfar.umd.edu/ brodsky/yosemite
shows the Yosemite fly-through sequence.

As can be verified, the depth estimation in all the
sequences is of very high accuracy. However, the re-
constructions are not yet perfect. To further improve
the reconstructed models will require that one employs
various techniques from computer graphics. For exam-
ple, the depth maps are not dense everywhere as we
compute normal flow only at locations with signifi-
cant spatial gradient. To obtain depth values at these
locations where there is no texture one would have to
interpolate from the neighboring values.

There are also some errors in the depth estimation
which arise from erroneous motion estimates. The in-
stantaneous 3D motion estimates are generally very
good, but when combining a sequence of frames small
errors can compound and cause errors in depth. To ad-
dress this problem one could use the estimated depth
to compute better correspondence between features in
views that are far apart and then use the results to re-
compute the motion and depth.

Also, one should keep in mind that only one short
sequence (up to thirty-five frames) is used to build the
depth maps. To compute a full, dense model will re-
quire that the information from multiple sequences is
combined.

Some errors in depth estimation are due to un-

derestimates are shown darker, and overestimatesavoidable errors in the estimation of normal flow. For
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(b)

Figure 26 Reconstruction of “pooh” sequence: (a) one original frame, (b) mesh reconstruction; (c) 3D reconstruction with texture mapping.

example, in the “headshot” sequence, a part of the neckimages, 326« 240 pixels. The images were converted
appears to be farther away than it should be. This is due to gray-scale for flow computation, and color was only
to the shadows in the back where the brightness con- used for the 3D model. Typical times for a single pro-
stancy assumption s violated. It will require combining cessor Ultra SPARC Il running at 250 MHz are as
many more frames from different views to account for follows: For the motion estimation stage, a full hier-
this error. archical search in the translation space requires ap-
Another source of error is the depth segmentation, proximately five minutes per flow field. A subsequent
which has not been optimized yet. By employing multi- local search requires approximately forty seconds per
resolution strategies in the edge detection and otherflow field. The construction of 3D models is compu-
techniques from computational geometry it should be tationally expensive. In a typical case (for example,
possible to improve upon the segmentation. Efforts the “flower scene”), we perform stereo search over
along the lines discussed above are currently being un-thirty-five input images. The initial search for all pix-
dertaken. els in the image runs in about one hour and twenty
Finally, for the interested reader, a note regarding minutes. The construction of triangles, filtering and
the computational time: Most experiments used color rendering of the 3D model are much faster, requiring
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Figure 27. Yosemite sequence: (a) Reconstruction with texture mapping. (b) Mesh reconstruction. (c) Relative error map. (d) Histogram
equalization of (c).

approximately five minutes for a seventy-frame fly- patches with depth values that vary locally more than
through sequence. those based on the correct motion estimates. In classi-
cal approaches to visual motion analysis the processes
of smoothing, 3D motion estimation, and structure esti-
7. Conclusions mation are separated from each other. Statistical infor-
mation obtained from the raw data in early processes
The structure of almost any scene can be described agimage motion estimation) is not utilized in later ones
a collection of smooth surface patches separated by (3D motion and structure estimation). By combining
abrupt discontinuities. This observation has been ex- the different processes one can utilize this information
ploited in the algorithm described in this paper, which throughout. The constraints are thus of a geometrical
estimates the 3D viewing geometry while at the same and statistical nature, and provide the potential of solv-
time recovering scene discontinuities. The results of ing the problem of structure from motion without mak-
the algorithm have been applied to obtain scene recon-ing assumptions about the scene structure throughout
structions from short video sequences. the computations. The constraints have been analyzed
The technique is based on constraints which relate and their relationship to minimization of the epipolar
normal flow directly to 3D motion and structure. The constraint has been established.
constraints result from an understanding of the inter-  Future research will include further studies of the
action between 3D shape and motion. Wrong 3D mo- constraints, especially with regard to their statistical
tion estimates give rise to estimates of smooth scene nature, for the purpose of designing efficient algorithms



for the more general structure from motion problem
dealing with multiple independently moving objects.
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