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Abstract. If 3D rigid motion can be correctly estimated from image sequences, the structure of the scene can be
correctly derived using the equations for image formation. However, an error in the estimation of 3D motion will
result in the computation of a distorted version of the scene structure. Of computational interest are these regions
in space where the distortions are such that the depths become negative, because in order for the scene to be visible
it has to lie in front of the image, and thus the corresponding depth estimates have to be positive. The stability
analysis for the structure from motion problem presented in this paper investigates the optimal relationship between
the errors in the estimated translational and rotational parameters of a rigid motion that results in the estimation of
a minimum number of negative depth values. The input used is the value of the flow along some direction, which

is more general than optic flow or correspondence. For a planar retina it is shown that the optimal configuration

is achieved when the projections of the translational and rotational errors on the image plane are perpendicular.
Furthermore, the projection of the actual and the estimated translation lie on a line through the center. For a spherical
retina, given a rotational error, the optimal translation is the correct one; given a translational error, the optimal
rotational error depends both in direction and value on the actual and estimated translation as well as the scene in
view. The proofs, besides illuminating the confounding of translation and rotation in structure from motion, have

an important application to ecological optics. The same analysis provides a computational explanation of why it is
easier to estimate self-motion in the case of a spherical retina and why shape can be estimated easily in the case of
a planar retina, thus suggesting that nature’s design of compound eyes (or panoramic vision) for flying systems and
camera-type eyes for primates (and other systems that perform manipulation) is optimal.

Keywords: error analysis, normal flow, negative depth, spherical and planar imaging surfaces

1. Introduction voted to this problem because it lies at the heart of sev-
eral applications in pose estimation, recognition, cali-
bration, and navigation (Faugeras, 1992; Horn, 1986).
For reasons related to the tractability of the exposition
and without loss of generality, we consider here the case
of differential motion for a camera moving in a static
environment with the goal of recovering the camera’s
3D rigid motion and the structure of the scene (Bruss
*The support of the Office of Naval Research under Grant NO0014- and Horn, 1983; Nelson and A|0|m0n9$’ 1988; UlI-
96-1-0587 is gratefully acknowledged. man, 1979). The problem has been traditionally treated

The general problem of structure from motion is de-
fined as follows: given a number of views of a scene,
to recover the rigid transformations between the views
and the structure (shape) of the scene in view. In the
field of computational vision a lot of effort has been de-
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in a two-step approach. The first step attempts to es- existing analyses attempt to model the errors in either
tablish the correspondence between successive imageghe 3D motion estimates or the depth estimates, and
frames, i.e., to identify in consecutive images features due to the large number of unknowns in the problem,
that are the projections of the same feature in the 3D they deal with restricted conditions such as planarity of
scene. Such correspondence is expressed through disthe scene in view or non-biasedness of the estimators.
placement vectors or optic flow—an approximation of Notably absent in published efforts is an account of the
the motion field which represents the projection of the systematic nature of the errors in the depth estimates
velocity field of scene points on the image. The second due to errors in the 3D motion estimates. Put in differ-
step attempts to interpret this correspondence or flow ent terms, there exists an interplay between 3D motion
field and recover 3D motion and structure. and depth. In existing approaches, however, the highly
) o ) ) correlated nature of the depth errors at different im-
During the Eighties, questions related to the unique- a4e |ocations, due to 3D motion errors, is not reflected
ness of solutions were answered for both the dlscret_e adequately. Furthermore, all analyses are based on

case of point matches (Longuet-Higgins, 1981; Tsai the two-step approach, analyzing the estimation of 3D
and Huang, 1984), and the differential case Longuet- motion from noise-contaminated optic flow or corre-
Higgins, 1980; Waxman and Wohn, 1985) of optical gpondence. However, as has been shown in previous
flow, and closed form splutlons were studled._ S|m|lar work, the estimation of 3D motion does not necessar-
problems were solved in the ph_otogrammetnc litera- ily require the prior computation of exact correspon-
ture (Slama, Theurer and Henriksen, 1980). The al- jence ( Fermaller and Aloimonos, 1995; Femfier
gorithms developed during Fhis phase of research Were and Aloimonos, 1986). Flow measurements, or even
based on two frames (or views) and the use of point their signs, along some direction in the image, such
features. A bit later, in (Spetsakis and Aloimonos, o for example—the one provided by the spatial gra-
1990), algorithms were introduced for the case of three dient, are sufficient for recovering 3D motion (Brodsky,

(or multiple) frames with the formulation of the trilin- 1998). Such measurements can be computed by even
ear constraints and these constraints were generalizedy,q simplest systems—abiological or artificial—using,

in (Faugeras and Mourrain, 1995) using geometric al- for example, Reichardt detectors or equivalent energy
gebra. Also, at the same time, algorithms appeared mqqels (Poggio and Reichardt, 1973; Reichardt, 1961;

that made use of line correspondences (Spetsakis antRgichardt. 1987: van Santen and Sperling, 1984).
Aloimonos, 1990), as well as algorithms that used both

point and line correspondences. In the Nineties, these N this paper an approach that is independent of any
results were generalized to the case of uncalibrated 290rithm or estimator is taken. Due to the geometry
cameras, a situation in which only projective (or, under ©f image formation any spatiotemporal representation
some assumptions, affine) structure can be recovered the image is due to the 3D motion and the structure

(Astrém, 1996; Faugeras, 1992b; Hartley, 1994: Koen- of the scene in view. If the 3D motion can be estimated
derink and van Doorn, 1991). correctly, the structure can be derived correctly using

the equations of image formation. However, an error
The promise of the uniqueness studies gave rise toin the estimation of the 3D motion will result in the
an exciting quest for practical and robust algorithms computation of a distorted version of the actual scene
for recovering 3D structure and motion from image structure. Of computational interest are those regions
sequences, but this was soon to be frustrated by highin space where the distortions are such that the depths
sensitivity to noise in the input used (optic flow or cor- become negative. Not considering any scene interpre-
respondence). While many solutions have been pro- tation the only fact we know about the scene is that for
posed, they become problematic in the case of realistic it to be visible it has to lie in front of the image and thus
scenes and most of them degrade ungracefully as thethe corresponding depth estimates have to be positive.
quality of the input deteriorates. This has motivated re- Therefore the number of image points whose corre-
search on the stability of the problem; (Daniilidis and sponding scene points would yield negative values due
Spetsakis, 1996) contains an excellent survey of exist- to erroneous 3D motion estimation should be kept as
ing error analyses. We will discuss the most important small as possible. This is the computational principle
results in Section 3 in more technical detail after some behind the error analysis presented in this paper. We
mathematical prerequisites are given in Section 2. In are interested in the relationship of the errors in the
summary, it can be concluded that the majority of the translational and rotational components of the motion
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for the purpose of understanding its impact on the de- with |R| being the norm oR and denoting the range;

sign of optimal 3D motion estimation algorithms. In thus the 2D image motion is

particular, assuming there is an error in the estimation

ofthe rotational (translational) motion components, we ;. _ Vir(r) - _
. . B r + rot( )

ask what the error in the translational (rotational) com- IR| IR|f

ponents is that leads to a minimization of the negative o (2)

depth values computed, and how structure from motion Th€ component of the flow,, along any directiom is

algorithms are affected by these error configurations. therefore

The analysis is carried out for a complete field of view

as perceived by an imaging sphere, and for a restricted

field of view on a constrained image plane.

(rx(txr))—wxr

<

®3)

Uy = T-N="L N+ V- N
or u, =r n:‘vﬁ~n+vr0t~n

As can be seen from (1) and (2), the effects of trans-
lation and scene structure cannot be disentangled and
thus we can only obtain the direction of translation
t/|t| and the depth (range) of the scene up to a scaling

factor, that isZ; (E) For the sake of simplicity, we

2. Overview and Problem Statement

2.1. Prerequisites

It \ [t]
We consider an observer moving rigidly with trans- Will assumet to be of length 1 and we will no longer
lation t = (U,V,W) and rotationw = (a,3,7) mention the scaling in the computation of structure.

in a stationary environment. Thus each scene point
R = (X,Y, Z) measured with respect to a coordinate 5 »  previous work
systemO XY Z fixed to the camera’s nodal poi@thas
avelocityR = —t —w x R relative to the camera. The
image formation is based on perspective projection.

If the image is formed on a plane orthogonal to the
Z axis at distancg from the nodal point (see Fig. 1)
the image points = (z,y, f) are related to the scene
pointsR through equation

It is in general a very hard task to develop analytical
results about the stability or error sensitivity of struc-
ture from motion. This is due to the nonlinearities and
the large number of parameters that are involved. As a
result a fair number of observations and intuitive argu-
ments have been developed by a multitude of authors
over the years. Most important, a small humber of
. f R studies have given rise to three crisp results regarding
R - Zg

Ay
with zg a unit vector in the direction of th& axis and

“.” denoting the inner product. Thus, the 2D image
velocity amounts to

P = “T(r) + Viog (1) = —%(zo X (t x 1))
+%(z0 « (r x (0 x 1)) )

1)
whereV“T(") andv,.(r) are the translational and rota-
tional flow components respectively add= R - z,.

Similarly, ifthe image is formed on a sphere of radius

! (|.e., r-r= f2) (See Fig. 2)1 the Image= (357 Y, Z) Fig. 1. Image formation under perspective projection on a planar
of any pointR is retina: The instantaneous rigid motion is described through a trans-
lationt = (U, V,W) and a rotationw = (v, 3,7y). The focus
R of expansion (FOE), given biY- f, - f), denotes the direction of
= _f translation, and the AOR (axis of rotation point), giver(%/f, gf),

|R‘ denotes the intersection of the rotation axis and the image.




140 Fermiller and Aloimonos

noise sensitivity in structure from motion (Daniilidis
and Spetsakis, 1996).These are:

(a) A translation can be easily confounded with a ro-
tation in the case of a small field of view under the
assumption of lateral motion and insufficient vari-
ation of depth (Adiv, 1989; Daniilidis, 1992).More
precisely, translation along theaxis can be con-
fused with rotation around thgaxis and transla-
tion along they axis with rotation around the
axis. Evidence for this result can be obtained intu-
itively from the flow equation (1). As can be seen,
if the scene in view is a plane, then the flow be-
comes a polynomial in the retinal coordinatey
with the terms(U + 3,V — «) representing the
zero-order terms. A proof of this fact using tech-
niques from estimation theory has been presented
in (Daniilidis, 1992)for the case of unbiased esti-
mators.

(b) Usually 3D motion estimation is addressed by
evaluating the deviation from the epipolar con-
straint. Some error metric has to be developed
to capture the deviation and its minimization pro-
vides a solution for 3D motion and subsequently
for structure. If this metric is not appropriately
normalized, in the case of a small field of view
the translation estimate is biased toward the view-
ing direction. This can be seen directly from the
epipolar constraint. By projecting both sides of
(1) ontozg x (zo x (t x r)) and settingf = 1, we

R

Fig. 2.
retina.

Image formation under perspective projection on a spherical

obtain the epipolar constraint in its instantaneous
formas(t xr) - (f —w xr) =0.
A solution coming from the minimization of
>, (6 x ;) - (¥; —w x 1;))% is bound to be bi-
ased, because the crossproditct r;) introduces
the sine of the angle betwe¢randr;. Thus the
minimization prefers vectotsthat are close to the
center of gravity of the points; (Spetsakis, 1994;
Spetsakis and Aloimonos, 1988).Techniques from
statistics such as maximum likelihood estimation
(Spetsakis, 1994) or Rayleigh optimization (Spet-
sakis and Aloimonos, 1988)can be used to deal
with the bias, but they have their own problems.
(c) The third result is due to Maybank (Maybank,
1986; Maybank, 1987; Maybank, 1993) and also
Jepson (Jepson and Heeger, 1990)who showed that
in the case of a small field of view, a translation
t far away from the image points where measure-
ments are taken, and an irregular surface, the cost
function >°,((t x r;) - (f; — w x 1;))?, result-
ing from the epipolar constraint, takes its minima
along a line in the space of translation directions
which passes through the true translation and the
viewing direction. This means that the tilt of the
direction oft can be estimated more reliably than
its slant.

Insight into the instability of the motion estimation
problem is also gained from uniqueness studies. Mul-
tiple 3D-motion and scene configurations giving rise
to the same flow field (Horn, 1987; Maybank,1993) or
point correspondences (Longuet-Higgins, 1981; Tsai
and Huang, 1984) have been investigated and it has
been found that the scene in view has to correspond to
certain quadrics, the so-called ambiguity-critical sur-
faces. The study of directions of motion fields con-
ducted in (Brodsky et al, 1998)for an unbounded im-
age plane ambiguity can only occur for motion con-
figurations constrained bt x t) - (w x @) = 0. In

the context of error sensitivity a perturbation analysis
has been performed in (Horn, 1990) showing that the
epipolar constraint is not affected by first-order defor-
mations of the motion parameters if the points lie on
a quadric surface with certain properties. The rela-
tionship between these instability-critical surfaces and
the ambiguity-critical surfaces has been established in
(Daniilidis, 1992; Hofmann, 1953).

Next, we study the relationship between errors in the
estimation of the 3D motion and errors in the estimation
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of the depth of the scene. This relationship is the basis Similarly we can interpret the estimated range in (5) as
for our subsequent error analysis. a multiple of the actual range with distortidn, where

_ (rx(txr)) n
(rx(txr)) -n+ fIR|(we xr) -1

2.3. Distorted space (7)
Based on an exact computation of the motion parame- Equations (6) and (7) describe, for any fixed direction
ters the depth (range) can be derived from (3). Let us n and any distortion factab, a surface in space. Any
assume, however, there is an error in the estimation of such surface is to be understood as the locus of points in
the five motion parameters, that is the two parameters space which are distorted in depth (range) by the same
of the direction of translation and the three parameters factorD, if the corresponding image measurements are
of rotation. As a consequence there will also be errors in directionn.
in the estimation of depth (range) and thus a distorted |t should be emphasized that the distortion of depth
version of the space will be computed. A convenient also depends on the directienof the flow measure-
way to describe the distortion of space is to sketch it ment (hereafter called the flow direction) used as basis
through surfaces in space which are distorted by the for the computations and therefore is different for dif-
same multiplicative factor, the iso-distortion surfaces ferent directions of flow. This means simply that if one
(Cheong, Fermiler and Aloimonos, 1998). estimates depth from optical flow in the presence of
In the following, in order to distinguish between the errors, the results can be very different, depending on
various estimates, we use letters with hat signs to rep- whether the horizontal, vertical, or any other compo-

resent the estimated quantitigs, |R|, Z, Vir, Viot) nent is used. Depending on the direction, any value
and unmarked letters to represent the actual quanti- betweent-oo and—oo can be obtained!
ties(t,w,|R|, Z, Vi, Vo). The subscripté” is used In the analysis in this paper, we are not interested in
to denote errors, where we define— w = w. and actual 3D space, but we consider the surfaces in visual
Viot = Vrot = Vrot,- space, that is, the space perceived under perspective
The estimated depth or range can be obtained from projection where the dimensions parallel to the image
(3) as are measured according to the size with which they
appear on the image.
7 (or \ﬁD _ Vir -1 Fig. 3a g?ves an example of an iso—distor'tion sur-
rn— vy -n face, and Fig. 3b illustrates a family of iso-distortion
surfaces corresponding to the same gradient direction
and we have on the image plane but different distortion factor®. The same family is

intersected with the Z plane in Fig. 3c. In the plane
the intersections give rise to a family of contours.

g _ 7 —f(zox (txr))-m () As can be seen the iso-distortion surfaces of a family
—f(zox (txr))-n intersect in a curve, and they change continuously as
+ Z(zo X (r X (we X)) -0 we varyD. Thus all the space between thdistortion

surface and the-co distortion surface (which is also
the +oco distortion surface) is distorted by a negative

Rl R (r x (E %)) n distortion factor.
N (rx(rxt)) n+ fIR|(wexr) 1
(5) 2.4. Description of results
From (4) it can be seen that can be expressed as a _ _ .
multiple of Z, where the multiplicative factor, which  In the forthcoming sections we employ a geometric
we denote byD, the distortion factor, is given by the  statistical model to represent the negative depth values.
term inside the brackets. Thus the distortion factoris We assume that the scene in view lies within a certain
) depth (range) interval between a minimum value and a
-f (Zo X (t X r)) n ©) maximum value. The flow representation vectorsin the
—f(zox (txr))-n image are in different directions, and we assume some
+ Z (20 X (r X (we X71))) -1 distribution for their directions. Our focus is on the

and on the image sphere

D=
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@)

(b)

Fig. 3. (a) Iso-distortion surface imyZ space. The parameters afei

(07 _2O)v We
(b) Family of iso-distortion surfaces for the same motion parameters

points in space which for a 3D motion estimate yield
negative depth (range) estimates.

For every directiom the points in space with neg-
ative depth estimates cover the space betweer the
and —oo distortion surface within the range covered
by the scene. Thus for every direction we obtain a
3D subspace, covering a certain volume. The sum of
all volumes for all directions, normalized by the flow
distributions considered, represents a measure of the
likelihood that negative depth values occur. We call
it the “negative depth volume” or “negative range vol-
ume.” The idea behind our error analysis lies in the
minimization of this negative depth (range) volume—
that is, we are interested in the relationship between
the translational and rotational motion errors that min-
imizes this volume.

In our analysis we do not want to make any particular
scene-related assumptions favoring particular orienta-
tions or depth values. We wish to treat all depth values
and flow directions as having equal importance. To be
more precise, we assume that the flow directions are
uniformly distributed in every direction and at every
depth (range) between a minimum valig;,, (| Rmin|)
and a maximum valug.,, (|Rmax|). We do not wish
to assume any particular distribution for the noise in
the flow measurements. Therefore, we do not consider
any noise in the measurements. The underlying idea is
that noise which is of no particular bias does not change
the qualitative characteristics of the function resulting
from the minimization of negative depth values. Thus,
one can view our analysis as a geometric investigation

(cte, Be,ve) = (—0.005,0.001,0.003), D = 1.

1.2

14

0.8
0.4\ 0.6

0) = (& 1w ) = (=50,25), (30,50) = (L1, L) =
5,n = (1,0), f = 500 (corresponding to a field of view &0°).
(1,0)). (c) Corresponding iso-distortion contours in thg plane.

of the inherent confounding of translation and rotation,
which is the reason behind the instability in structure
from motion.

In summary, as an answer to the question about the
coupling of motion errors, the following results are
obtained:

(a) If we take the whole sphere as the imaging sur-
face and we assume an error in the estimation of
rotation, then the direction of translation that min-
imizes the negative depth volume is the correct
direction of translation.

The practical implication of this result is that 3D
motion estimation is most easily accomplished for
acomplete field of view, as provided by animaging
sphere. Aworking system (biological or artificial)

is usually equipped with an inertial sensor which
provides rotational information, though probably
with some error. On the basis of this information,
the best one can do to estimate the remaining trans-
lation is to assume that the flow field obtained by
subtracting the estimated rotation is purely trans-
lational and apply a simple algorithm designed
for only translation (Aloimonos and Duric, 1994;
Horn and Weldon, Jr., 1988; Negahdaripour, 1986;
Sinclair, Blake and Murray, 1994).

Such algorithms, if based only on the constraint
that the depth is positive, are formulated basically
as constrained minimization problems. The un-
derlying idea is illustrated in Fig. 4. Assuming
the observer is approaching the scene, the exact
2D motion vector at every point is away from the
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FOE (the point where the translation axis pierces
the image). Therefore, knowing the projection

of the flow vector on some directiam, we know
the FOE is to be found in the shaded half-plane
defined by line. Thus the estimation of the trans-
lational direction can be implemented by simply
voting for a half-plane at every point. The best so-
lution corresponds to the location with the highest
number of votes.

Estimation of purely translational motion is much
simpler than estimation of complete 3D rigid
motion, which requires techniques that decouple
the translation from the rotation in some way,
and if designed on the basis of the constraint of
positive depth, require voting in higher dimen-
sions (Ferraller and Aloimonos, 1995; Femfiér
and Aloimonos, 1995; Feraliér and Aloimonos,
1997).

As demonstrated in the forthcoming analysis,
however, a simple algorithm designed for trans-
lation only will find the correct solution. Thus

insects with spherical eyes, such as bees and flies,

have a big advantage in the task of 3D motion es-
timation.

(b) On the other hand, if we assume a certain error in

the estimation of translation on a spherical image,
the vector of the rotational erras, lies in differ-
entdirections on the sphere, whose exact value not
only depends on the actual and estimated transla-
tion, but also on the range of the scene in view.
However, if an estimate of translation is available,
the estimation of rotation (which does not depend
on depth) on the basis of negative depth, is algo-
rithmically not meaningful. Thus, for the purpose
of analyzing 3D motion estimation algorithms this
error configuration is of no interest and will not be
further investigated. We will, however, investi-
gate it for the planar retina, because in this case it
provides insights about global optimization algo-

- &y

143

rithms (simultaneous estimation of all 3D motion
parameters) as well as shape estimation.

(c) Considering as imaging surface a plane of limited

(d

)

extent, we find that the translational and rotational
errors are perpendicular to each other. Using the

notation — % = o, and¥f — Vf = 1o, , this
means tha “6 =

- _%. If we fix the rotational

error(a., ﬁe, 76) this provides us with a constraint
on the direction of the translational error.

If we fix the translational errdtzo_, o, ) We obtain

the same constraint, and in addition we find that
~v. = 0. Furthermore, if we fix only the amount
of translational error/xzo,2 + yo_ 2, we find that
the actual and estimated FOE lie on a line passing
through the image center, that@ z"

The results developed in this paper have a clear
relationship with those of existing error analyses as
described in Section 2.2, with the exception of the
bias of translation towards the viewing direction,
since this result has been obtained on the basis of
particular minimization functions.

Regarding the confusion between translation and
rotation, it has been experimentally observed and
proven for simple scene structures, restricted fields
of view, and certain estimation techniques using
particular statistical estimators, that the translation
along thez axis is coupled with rotation around
they axis and that the translation along thexis

is coupled with rotation around the axis. Our
results are in accordance with these findings. In
addition, we show that for the minimization stud-
ied here, the confusions betweettranslation and
y-rotation andy-translation anct-rotation are not
decoupled, and that the rotation around thaxis

is estimated most easily.

The results regarding the preference for estima-
tion of translations whose projections lie on a line
through the center and the actual projection of
translation are consistent with those found in (Jep-
son and Heeger, 1990; Maybank, 1986). Here it
is shown that in general for a limited field of view,
there exists such a bias which previously has been
proven for translation directions far away from the
image points where measurements are taken on the
basis of a cost function resulting from the epipolar
constraint.

The importance of the results obtained for the

plane also lies in their consequences for shape esti-
mation. They can be translated into the statement

Fig. 4. The translational flow vector ¢ has its tip anywhere along
the lineez. The focus of expansion lies on the (shaded) half plane
defined by the line that does not contain possible vectors
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that planar retinas are advantageous in the com- wherey) = g(x). For this parameterization the nor-
putation of %hape As will be shown in Section 5, malization term is

mOe — e —
if =G = , andvy. = 0, a depth map 9(x) sin g,
can be denved such that all scene points of the ’ ‘ = 5 5 (8)
same depth are distorted by the same factor. Thus Ox cos(py)? cos(x — ¢r)? — 1
the level contours of the depth map are the correct where o, is the angle between vecterand theyz
ones! plane, andp, is the angle between the projectionrof
on theyz plane and the positivg-coordinate axis. A
derivation is given in the appendix.

Our focus is on the points in space with estimated
negative range valuéR|. Sincen = ‘:ii‘ ands-w, =
0, we obtain from (5), by setting = 1,

3. Analysis on the Sphere

The following analysis considers a fixed rotational er-
ror. We need a parameterization for expressing all pos-
sible orientations tangent to the sphere at every point. R (E % S) r

One way to achieve this that is convenient for our prob- = |R|

lem is through the selection of unit vectors of an arbi- (txs) r—|R|(we r)(s-r)

trary plane. Given a unitvectey ateach point ofthe  From this inequality the following constraint diR|
sphere, the vectofZT defines a direction at the tan-  can pe derived:

gent plane. As vanes along half a great circl

<0 (9)

takes on every possible orientation in the tanggﬁi‘plane sgn ((t X S) : T)

at every point- with the exception of the set of poins = —sgn((t xs)-r— |R|(we-r)(s-r))(10)

lying on the great circle of, which is of measure zero.

To facilitate the analysis, we chooseerpendicular to At any pointr in the image this constraint is either

w,. satisfied for all valuefR |, or it is satisfied for an inter-
As shown in Fig. 5, letv, be parallel to ther axis val of values R | bounded from either above or below,

and lets be the set of all the unit vectors in the oritis not satisfied for any value at all. Thus, inequality

plane withs = (0, sin x, cos y) andy in the interval (9) provides a classification for the points on the sphere,

0...7]. The flow directions at every point are de- ~ @ndwe obtain four differentkinds of areas (types I-1V).

fined asn — ‘sxr‘ This parameterization, however, The locations of these areas are defined by the signs of
does not treat all orientations equally gagaries along

a great circle with constant speeds r accelerates and

decelerates). In order to obtain a uniform distribution

we must perform some normalization. Luckily, how- S

ever, this normalization does not complicate matters in -

the following proof because, due to symmetry, its be-

havior with regard to monotonicity is the same as the

one of the volumes of negative range for the functions —

considered. v
We assume a uniform distribution for the directions

n. Thus, in order to obtain the negative range vol- .

umeV,,, we have to integrate the individual volumes

in each direction over all directions. 4f € [0, 7] pro-

vides a uniform parameterization far as given in the

appendix,V (v) is the volume for a single direction

n(¢), andy is the parameterization fat as defined

above, the following transformation applies:

T “x
V, = / V() dp = /g ™ V (9(x)) lag(x) ‘ dx Fig. 5. Parameterization used in the analysis; = A(1,0,0),
0 g s = (0,siny,cosx) with x € [0... 7], n = 3XL

[sxr|*
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z If the scene in view is unbounded, that [R| €
[0...00], thereis arange of valu¢éR | above any point
r in areas | and Ill which results in negative range
f estimates. If we consider a lower bout®R,,in| #
@y \ 0 and an upper bounR,.x| # oo, we obtain two
' additional curve€ i, and Crax With Croin = (£ %
i i S) T — Runin| (@ -1)(s 1) = 0andCiax = (£ X ) -
-7 />N r — |Rpax| (we -r)(s-r) = 0 as bounds for areas with
/ N negative range values (as shown in Fig. 7). As can be

Fig. 6. Parameterization af: ¢, is the angle between and the
yz plane;p, is the angle between the projectioron theyz plane
and the positive-coordinate axis.

Table 1.
area location constraint iR |
sgn ((t x s) 1) .
| = sal(Exs) ) R > EXS)r
= sgn((r-w.)(r-s)) (r-we)(r-s)

—sgn((t xs)r)
I = sgn((t xs)-r) all |R|
sgn ((r-we) (r-s))

sgn ((t x's) - 1) .
Il = —sgn((Exs) r) IR| < _(exs)-r
= sgn((r-we)(r-s) (r-we)(r-s)

sgn ((t X s) - 1)
v = sgn((t xs)-r) none
= —sgn((r-we)(r-s))

the functiongt x s) - r, (t x s) - rand(w, - r)(s - r),
as summarized in Table 1.

Thus for any directiom defined by a certain, we
obtain a volume of negative range values consisting of
the volumes above areas |, Il, and Ill. An illustration
for both hemispheres is givenin Fig. 7. As can be seen,
areas Il and lll cover the same amount of area, which

has the size of the area between the two great circlesFig. 7. Classification of image points according to constraints on
e ; e |IR|. At Cpin andChmax, |R| is constrained to be greater (area I)
(t xs)-r=0and(t xs)-r=0,and area | covers or smaller (area Ill) thafiR,in | Of |[Rmax|. The two hemispheres

a hemiSphere minus the area betwéenx s) - r = 0 correspond to the front of the sphere and the back of the sphere, both
and(t x s) -r = 0. as seen from the front of the sphere.
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seen, the curveSy,i, =0, Cinax =0, (t X8) - r =0 and an increase by; ), but Vi is always greater
and(w. - r)(s - r) = 0 intersect at the same point. thanV7 ;1) and thus the overall volume decreases.

In area I, we do not obtain any volume of nega-
tive range estimates for poinisbetween the curves
(we - r)(s-r) = 0 andCpax = 0; the volume for
pointsr betweenC,,;, = 0 andCy,.x = 0 is bounded

Next, assume the scene in view to be bounded. As
can easily be understood, independent of the range of
values in which the scene lies, the volume of negative
range values for any is smallest for(t x s) -t = 0.

(t
from below by|R| = 3" (and from above by f we assume an upper boufBly.s| # oo, of a lower
|R.max|) @and the volume for pointsbetweerC,,;,, = 0 boundR..;n| # 0, or both bounds onthe scene in view,
and(t x s) - r = 0 extends fromRuyin| 10 [Runax|- there exist points in areas | and l1l above which there

In area Il we do not obtain any volume for points are no range values which contribute to the negative
betweer(t x s)-r = 0 andCyi, = 0. The volume for ~ range volume. However as shown before, since the
pointsr betweenC,,;,, = 0 andCy,.x = 0 is bounded curvesCryin = 0, Cpax = 0, (we - r)(s-r) = 0 and
from above by|R| = % (and from below by  (t x s) - r = 0 intersect at the same poirif;; must
|Rumin|) and the volume for pointsbetweerC, ., = 0 always be larger thaWy ;).

and(w, - -t) = 0 extends fromR iy | 10 |Rax| . .
(w r)(_s r)=0 m . |to] ‘ For anys the smallest volume is obtained fsyt,
We are givenw. andt, and we are interested ) andt lying on a great circle. Therefore, in order to

which minimizes the negative range volume. For any minimize the total negative range voluriig, we must
s the correspondlng negative range volume becomeshavet — t.

smallest ift is on the great circle of ands, that is,

(t x s) .t = 0, as will be shown next. Thus, in summary, we have shown that for any given
rotational errotw, the negative range volume is small-
est if the direction of the actual translation and the es-
timated translation coincide, that is= t.

Assume that the scene in view is unbounded, i.e.,
IR| € [0,...,00]. ThenCyi, = (t xs8)-r=0and
Ciax = (we -1)(s-r) = 0. Let us consider & such
that (t x s) -t # 0 (i.e., t does not lie on the great
circle defined byt ands) and let us changesuch that
(t xs) -t = 0. Ast changes, the area of type Il onthe 4 The Planar Case
sphere becomes an area of type IV and the area of type
Il becomes an area of type |. Thus, the negative range
volume obtained consists only of range values above
areas of type I.

Let us express (4) in the more common component

notation: & = (ry,79,73). 73 is zero. If we denote

71 by uw andr, by v and express the coordinates of the
Let us use the following notationd;;;_; denotes  focus of expansion a&, yo) = (%L, 1:L) we obtain

the area which changes from type Il to type | dnd; the well-known equations

andVy(;yry are the volumes before and after change.

Similarly, A;r_rv denotes the area which changes

from type Il to type IV and/;; andV;y are the corre- U

sponding volumes. U= + Urot

The change ot does not have any effect on the B W Y
volumes above the areas that did not change in type, = (= - 330)7 + O‘? -5 f +f )+
as can be seen from the constraint |&) in Table
1. However, the change afcauses a change in the
volume above the areas which changed in type. As can
. . . Vtr
be seen from (8), the normalization term is the same for v = - + Vrot

poiNtsri (¢, , ¢y, ) andra (v, , ¢y, ) Symmetric with W 9 -
respectto the great circéer = 0, because,, = ¢, =Yy—yo)— +a (y— + f> - ,B—y —yx
and ¢,, + ¢y, = 2km with & € N, which means z f f
that we encounter the same normalization factors in (11)

areasA;;;_; andA;;_;y. Ast changes, there is a  Since, due to the scaling ambiguity, only the direction
decrease of the negative depth volumely + Vi of translation can possibly be obtained, welét= 1
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and = 1, and obtain from (7) 4.1. Relationship between the translational and ro-
tational errors

In the following proof we first consider the case of
~v. = 0 and we then study the general case.

5 (x — o) na + (¥ — Yo) Ny

Z =17 12) Part1 (y. = 0). If v, = 0, the volume of negative
(z~ sz na + ( - Yo) 1y depth values for every direction lies between the
+ Z((ae% = P (% +f) surfaces
+ %y)nx + (ae <y7 + f)
- B - %x)ny) (z' —20) =0 and (2 —x')—B/'fZ=0

wheren, andn, denote the components ofin thez
andy directions.
In the following analysis, we assume that the FO

Equation(z’ — Z{,) = 0 describes a plane parallel
g to they’'Z plane at distance;, from the origin, and

and the estimated FOE are within the image. We do Sauation(z’ — ") — b12 = 0 describes a plane
not consider the exact effects resulting from volumes parallel to they axis of SIOPGW’ which mtersec'ts
of negative depth in different directions being outside thex’y’ plane in ther’ coordinater,’. Thus we obtain
the field of view. We also perform some simplifica- & Wedge-shaped volume parallel to yieaxis. Fig. 8
tion: For a limited field of view, the terms quadraticin ilustrates the volume through a slice parallel tothe
the image coordinates, which appear in the rotational plane and Fig. 9 gives an illustration of this volume in
components, are small with respect to the linear and SPace.

constant terms, and we therefore drop them. The scene in view extends between the depth values
TheO distortion surface thus becomes Zmin @aNdZ .. The —oco distortion surface intersects
A . the planesZ = Z,,,., andZ = Z,,;, in thex’ coordi-
(# —Z0) e + (y — Jo) ny =0 (13) natesco’ + B f Zmax andzo’ + B¢’ f Zmin. We denote

asA, the area of the cross section parallel to th&
plane through the negative depth volume in direction
(x - :L'O)nx + (y - yO)ny + Z((_Bef + 'Yey)nx qp

+(aef —7ew)ny) =0 If 2o’ lies betweeny'+ 3. f Zmin andao’ + 6 f Zmax

(14)

The flow directiongn,, n,) can alternatively be writ- ,
tenagcos ), sin ), withe € [0, 7] denoting the angle Ay = |20, (Zmax + Zmin)
betweenn,, n,]” and thexr axis.

and the—oo distortion surface takes the form

To simplify the visualization of the volumes of neg- +ﬂe’f (Zinai + Zoin?) + @o,"”
ative depth in different directions, we perform the fol- 2 e m Bef
lowing coordinate transformation to align the flow di- 15
rection with thex axis: for every) we rotate the coor- L fix (15)
dinate system by anglg, to obtain the new coordinates etus fix ;.

To obtain the minimum4,, we solve forz,,” such
[, 9" = Rlx,y]", [xo', 0']" = Rlzo,yo]" that
[, 96]" = Rl&o,g0]",[a, 81" = Rla, B]"
0Ay
| cosy siny Oxg,!
whereR = | sintp cost |
Equations (13) and (14) thus become and obtain

(¢ — &) =0 . Bf
and (x/ - xO/) +Z (_5e/f + ’Yey/) =0 Lo, = — 2 (Zmax + Zmin) (16)
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that is, the O distortion surface has to intersect-the
distortion surface in the middle of the depth interval in
the planez = ZmaxtZumin)

Since 2 ﬁ, depends only on the depth interval and
not on the direction), the total negative depth vol-
ume is minimized if (16) holds for every direction
and thus the volume is minimized for every direc-
tion. From the relationg,” = cos¢8. — sin wae and
xo,! = costpxg. + sinyyg,, We obtaln e = —2f
In other words, the rotational errdrv., ﬁe) and the
translational errofzg_, yo.) have to be perpendicular
to each other.

Zmaxz_
z !
Zmin__ i
L%\
X 4B TZ X +B 12 X

Fig. 8. Slice parallel to ther’ Z plane through the volume of neg-
ative estimated depth for a single direction.

Fig. 9. ~e = 0: The volume of negative depth values for a single
direction between the and—oco distortion surfaces.

If on the other hand we fix_
for zo_’ such thatggw, =0

Zmax2 Zmin2
xoelz—ﬁe/f\/ e & Zin’)

’, we obtain by solving

5 7

that is, the O distortion surface and theo distortion

surface intersect in the plag= y/ (Zmet Zumin®)

Again, if ””05 = —£< (17) holds for every direction,
and thus the total negatlve depth volume is minimized.

)% £

Fig. 10. Slices parallel to the’y’ plane through th@ distortion
surface (o) and the—oo distortion surface at depth valués =
/

. _ _ -0
me (Cl), Z = B f

1007100

Fig. 11. ~. # 0: volume of negative depth values between the
and—oo distortion surfaces.
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O

A,

Fig. 12. Achange oft;, to i(, + d causes the area of negative depth
valuesA. to increase by ared; and to decrease by arel. This
change amounts td. = —(y’; + v'5)dsgn(ve).

Part 2 (y. # 0).
surface becomes

If v # 0, the —co distortion

(xl - 330/) +Z (_ﬁe,f + '763/) =0

This surface can be most easily understood by slicing , — _gon (,) d (266/16

it with planes parallel to the’y’ plane. At every depth
valueZ, we obtain a line of slopg:—lz which intersects
thea’ axis inz’ = x¢' + .’ fZ (see Fig. 10). For any
given Z the slopes of the lines in different directions
are the same. Anillustration of the volume of negative
depth values is given in Fig. 11.

In part 1 of this analysis we found that for a given
rotational error(a.,3.) and~. = 0, the smallest
volume of negative depth values is obtained:jf =
o' + B fUmaxtZmin) and the intersection of the
and—oo distortion surfaces is & = ZmintZmax_|n
order to derive the position af;, that minimizes the
negative depth values for the general case.of 0,
we study the change of volume &§ changes from

zo' + ﬁe/fw-

Referring to Fig. 12, it can be seen that forany depth  d = 3.'f

value Z, a change in the position af], to Z{, + d,
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assumingZ # 0, causes the corresponding area of
negative depth values to change Ay, where

Ac=— (1 +¥'5) dsgn(ve)

andy’, andy’, denote the,’ coordinates of the inter-
section point of the-oco distortion contour at depti
with the0 distortion contours’ = &, andz’ = &(+d.

By intersecting the-oco distortion contour’ — ¢’ +
Z(—B f + vy') = 0 with the 0 distortion contours
' — (zo' + ’652/10(Zmi][1 + Zmax)) = 0andz’ — (o' +
%(Zmin + Zmax) + d) = 0, we obtain

el Z!lxirx+erxax e,
yp= SOl L 0L
and yé _ _ﬁg_Qf(ZlninZ""YEZmax) . ZL’YE %
and therefore
A, =
Qﬁelf ﬁe/f (Zmin + Zmax) + d
—sgn (7.) d - 7

The changé/, in negative depth volume for any direc-
tion is thus given by

Zmax
V.= / A.dZ
A

min

which amounts to

(Zmax - Zmin)

€

_ /Belf (Zrnin + Zmax) + d In Zmax
Ve Zmin

It can be verified that in order fd¥, to be negative,
sen(B) = —sgn(d). This means that," + d lies
betweeni{, andz,’ (as in Fig. 12).

We are interested in théwhich minimizesV.. By
solving

ove

2d "

we obtain

(Zmax - Zmin)

ZIIlaX
In ( Zmin )

1
S Zmin Zmax
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Thus the relationship ok, andg. for the smallest negative
zh = 7ﬂ/f(Zmax — Zmin) (18) depth volume. Substituting (17) into (15), we obtain
‘ “n (%) equation

Again, smceﬁ& depends only onthe depthinterval, the Ay =
total negative depth volume is obtained if the volume zo,’ (\/2 (me2 + Zmin2) — (Zinax + Zmin)) ‘

in every direction is minimized. Therefore we have the
constraint independent of. which describes the cross sections through the nega-
tive depth volumes as a function of,’ and the depth
To. _ _bBe interval. The negative depth volume for every direc-
Yo. Qe tion ¢ amounts tod [, wherel,, denotes the average
extent of the wedge-shaped negative depth volume in

For a given rotational errdiox., 5c,7e) this constraint  girection«. The total negative depth volume is min-
defines the direction of the FOE of the translational jmized if foﬂ Aylydy is minimized. Considering a

error on the image plane. circular aperture, this minimization is achieved if the
If on the other hand the translational ert, , yo. ) largestA,, corresponds to the smallest extgnand the

is given, it can be seen USing Flg 10 that the area of Sma”estAw Corresponds to the |arge§ll This hap_

negative depth values for every deptlincreases as. pens when the actual and the estimated FOE lie on a

increases Thus, for a give, , yo, ) the constraint jine passing through the image center, thafis= 2

o= = — - defines the direction of the rotational error  and the actual FOE is closer to the image & centér than

on the |mage In addition, we must haye= 0. the estimated FOE (see Fig. 13).

Some comment on the finiteness of the image isnec-  Next we investigate the negative depth volumes un-
essary here. The valuek. andV, have been derived  der fixation. We are interested in this configuration,
for aninfinitely large image. H. isvery smallorsome  because systems with planar eyes perform motion es-
of the depth valueg in the interval[Zumin, Zmax| are timation usually during fixation. For example, typical
small, the coordinates of the intersectigiis andy/’, eye movements in humans consist of a series of fixa-
do not lie within the image. The value df. can be at  tions separated by saccadic movements, and during the
most the length of the image timés Since the slope  Ilatter no processing of visual information takes place.
of the —oo distortion contour for a give# is the same If the system is fixating, the flow at the center is zero,
for all directions, this will have very little effect on the  and thus from (11) we obtain
relationship between the direction of the translational

and rotational motion errors. It has an effect, however, z[é = -4, Z‘ff_ = «

on the relative values of the motion errors. Only if the and L = 3. Y — 4
intersections are within the image, equation (18) de- Ztix i

scribes adequately the valuexdf as a function ofs; where Zg, denotes the depth of the fixation point.

and the interval of depth values of the scene in view. Thereforel — B and & — &, that is, the ac-

tual FOE and AOR (as well as the estimated FOE and
4.2. Bias in the estimated direction of translation AOR) lie on lines through the image center and per-
pendicular to each other. In addition, we obtain from
We investigate here additional constraints on the size the above equations, = —§.Zsx andV, = o Zsx,
of the negative depth volumes as they arise for typical which are constraints on absolute velocity and depth
planar imaging systems. In particular, we consider the measurements.
effects due to the finite size of the aperture and the From the minimization of negative depth volumes
effects due to fixation at a scene point. (not considering fixation) we obtained thap, =

[ [ [ [ Zwax®+Zinin? | Zwax®+ Zinin®
Let us con5|der.a circular a|02erture.2 1\%9 fix the —Bef a andyo, = e f ) D fmins,
amount of translational errofzo_* + yo.4)'/<, and

study which is the direction of the translational error  Let us use the notatiofidssl = |/ Zmax"Zun®,
resulting in the smallest negative depth volume. Inde- Combining the constraints from fixation and negative
pendent of the direction of translation, (17) describes depth volume minimization we obtain



Ambiguity in Structure from Motion: Sphere versus Plane 151

U U UZidea and ¥V _ Veiea At this point, it is worth noting that results simi-
W W ZaxW W W ZgW lar to those obtained here for the case of a planar eye
are also achieved when one minimizes deviation from
and therefore the epipolar constraint on the basis of optic flow, as
R . opposed to minimizing negative depth on the basis of
W = W Zg U . :
UZsix—U. Zigont (19) normal flow. In particular, if the depth of the scene
and W = W Zix V. in view is uniformly distributed, for a fixed transla-

V Ztix—Ve Zidear . . .
tional error(x_, yo. ) the rotational error is of the form

Both equations in (19) can be true only if eithg, = ,% — zo 7. = 0. In the case of a global mini-
. A .. € (o n ) . . .
Zidear OF if £8 = 2. This just means that compar-  mization, that is, a simultaneous estimation of rotation
ing the case without fixation to the case of fixation, if znd translation, we have in additida = °<. In the
. . ! Yo 0c
the real and the estimated FOE are on a line through ¢4se of 4 fixed rotational error the relationship is more
the center, the negative depth volumes are of the samejnyicate, depending on the exact value of the rotational

amount. For any other configuration the negative depth gror and the scene in view. The interested reader is
volumes are larger for the case of fixation, as for these oferred to (Fernller and Aloimonos, 1998).

configurations the perpendicularity of the translational

and rotational errors cannot be enforced. Thus fixation,

too, increases the likelihood of a motion estimation in 5. Shape Estimation in the Presence of Distortion
the form %2 = T—g Furthermore, (19) defingd in

terms of the actual translation, the estimated transla- The above results are of great importance for the anal-

tion, and the depth of the fixation point. If the system ysis of shape estimation. An error of the form= 0

has a good estimate of its forward translational veloc- zo. _ _ 5 _ 20 gyarantees that shape maps of the
0

ity, this provides additional constraints on the motion 2% o

S X U PRET scene are derived which are very well behaved.
errors, which in turn means that motion estimation is it th timated Ll N
performed more accurately if the system fixates. We use the esimated normal Tlow measurements

to derive optical flow, we can obtain a global shape
A map which is affine in the inverse depth. The underly-
ing idea is as follows: We use the 3D motion estimate
obtained to detect discontinuities in the flow field; that
is, on the basis of the 3D motion estimate, depth is de-
A, rived from normal flow measurements (which are suf-
2 ficiently different from the direction perpendicular to
the estimated translational flow) only for the purpose of
detecting depth discontinuities. Knowledge about the
_ FO discontinuities allows for the derivation of better opti-
FOE f\ cal flow estimates. Then we compute the depth from
A, the component of optical flow along the directions tan-
gential to circles with center at 0. This allows us to
() cancel the terms linear and quadratic in the image co-
ordinates. Thus, considerifg., n,) in the direction

H
(—y, ) and considering,. = 0, we obtain from (12)
the distortion factor as

Tong + Qony
Nz + Yoy + Z f (Beng — aeny)

D= (20)

Fig. 13. Cross-sectional view of the wedge-shaped negative depth
volumes in a circular aperture. The minimization of the negative [f % — _Be — %0 for any givenZ, the numerator is
0

i i Yoe . Qe i R K
(ﬁpth V(;!(tjme for a given amount of translational error occurs When a multlple of the denominator and thus the distortion
o = oo Ay, andly, denote the areas of the cross sections factor is the same for every directidn., n,). This
and average extents respectively, for two anglgesand )2, and . y Ty Y ) .
the circles at the boundaries df,,, are described a8’ = z’ + means that scene points of the same depth are distorted
Bef Zmin andz’ = z0” + B f Zmax. by the same factor and the computed depth map has
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the same level contours as the actual depth map of thetimal rotation error has an intricate relationship to the
scene. translational error and the scene in view.
: : . These results, besides their potential use in struc-
AITQ'O’ the same d|§tortlon factor can be, obtained aP~ tyre from motion algorithms, also represent a compu-
proan_ately_ for the Image near the fixation center, if tational analysis assessing different eye construction
depth is estimated directly from the normal flow mea- i, w6 natyral world. The results on the sphere demon-

SI_Jrements. As near the. image center the image COOrstrate that it is very easy for a system with panoramic
dinates are very small, if we 'gnore them, for any vision to estimate its self-motion. Indeed, if the sys-

(nz, 1) takes the same form as in (20). tem possesses an inertial sensor providing its rotation
with some error, we have shown that after derotation,
a simple algorithm considering only translation based
on normal flow will estimate the translation optimally.

This suggests that spherical eye design is optimal for

however, takes place only in th& dimension. Thus flying systems such as the compound eyes of insects

the resulting depth function involves an affine trans- 2nd the panoramic vision of birds.

formation (that is, the inverse depth estimates can be The analysis on the plane revealed that for an op-
expressed a% = 2 1b). Theinvariants of these shape timal configuration of errors, the estimated depth dis-
maps have been studied in the work of Koenderink and forts only in thez direction, with the level contours

van Doorn (Koenderink and van Doorn, 1994; Koen- Of the depth function distorting by the same amount,
derink and van Doorn, 1995). thus making it feasible to extract meaningful shape rep-

resentations. This suggests that the camera-type eyes
of primates are possibly optimal for systems that need
good shape computation capabilities.

In the shape map obtained in this way, depending on
the sign of the rotational error, there will either be an
overestimation for the nearby scene and an underesti-
mation for the far scene or vice versa. Allthe distortion,

6. Conclusions

. . S . . Acknowledgements
A stability analysis, which investigated the inherent 9

ambiguities of structure from motion, has been pre-
sented. The analysis was based solely on the fact that
the depth of the scene—in order for the scene to be
visible—has to be positive. As input to the structure
from motion process we considered the value of the Appendix
flow at every point along some direction, a quantity
more easily computable than optical flow or correspon-
dence. Our stability analysis amounts to an understand- ) o ] .
ing of the coupling of the translational and rotational L&t us choose a uniformly distributed flow field di-
error. Given an error in the translation (or the rota- fectionn,(¢) as follows. The coordinates of =
tion), we asked: what is the value of the rotation (or [-¥:2]" atevery point on the unit sphere are obtained
the translation) that estimates the minimum number of through a rotation of poini, 0, 1] by an anglep,
negative depth values? We performed the analysis for @round ther axis followed by a rotation of angle,
both a spherical and a planar retina. For the case of a&ound they axis. Thus the rotation matrik is given
planar retina we found that the configuration of the ro- by

tational and translational errors resulting in minimum

Special thanks to Sara Larson for her editorial and
graphics assistance.

Re-parameterization of Flow Directions

negative depth is the one in which the projections of the COS Py, 0 sin ¢,
two error vectors on the image plane are perpendicular R = | —sin ¢, sin Oy COSpy  Sinp, Cos @,
to each other, and that an estimated translation whose —COS Py SiN oy, —sin @, COS P, COS Py

projection on the image passes through the image cen-
ter and the projection of the actual translation is most
likely. For the case of a spherical retina, we found that
given a rotational error, the optimal translation is the
correct one, while given an error in translation, the op- r = [sin @y, sin g €O Py, COS g COS <Py]T~

and every point
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Vectorsn; (1) are obtained through rotation of unit
vector|sin v, cos 1, 0] at point[0, 0, 1]7. Thus

ny (1)
[cos @, sin 1, — sin @, sin @, sin Y + cos p, cos P,

— €OS @y sin g, sin 4 — sin ¢, cos )T

On the other hand, the directiam(x) used in the
analysis is chosen to bey(x) = r x s(x) with
s = [0,sinx, cos x]7.

Thus

ns(x) = [€os @, cos @y sin y — sin @, cos @, cos X,
sin ¢, cos x, — sin ¢, sin X]T.

In order forn; (¢) to be parallel ta (x) the following
must hold:

(n1(¥)) x n2(x)) - r=0

Thusy = g(x) = arctan(22X=¢2)) and the normal-

sin @y

ization factor| 52| is

ol sin(py)
ox|

cos(ipy)? cos(x — ¢a)? — 1

For an illustration see Fig. 6.
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